Periodic and quasi-periodic Euler-a flows close to Rankine vortices

Emeric Roulley*

Abstract

In the present contribution, we first prove the existence of m-fold simply-connected V-states close to
the unit disc for Euler-a equations. These solutions are implicitly obtained as bifurcation curves from the
circular patches. We also prove the existence of quasi-periodic in time vortex patches close to the Rankine
vortices provided that the scale parameter a belongs to a suitable Cantor-like set of almost full Lebesgue
measure. The techniques used to prove this result are borrowed from the Berti-Bolle theory in the context
of KAM for PDEs.
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1 Euler-a equations and main results
We consider the Euler-a planar model with parameter o > 0 given by
du+ (v-Viu+ (Vv)Tu+Vr =0 in R, x R?
V-v=V-u=0 (1.1)

u=v—a?Av
v(0,-) = vo.

This model is a regularization of Euler equations describing the flow of an incompressible fluid on spatial scales
larger than the length scale parameter «. It has been introduced in the context of averaged fluid models, see
[52, B3]. In the literature, v and u are called the filtered and unfiltered velocities, respectively. Actually, u
corresponds to the velocity field of the fluid. Notice that (Vv) ' denotes the transpose of the Jacobi matrix for

v, namely
Vs
(Vv)T = <3V{)
Ti ) 1<i,j<2
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The pressure term 7 is linked to the pressure field p of the fluid through the relation
TEp— %|v|2 — %‘VV‘Q.

Remark that we formally recover the classical Euler model, by taking a = 0 in the above set of equations. The
rigorous justification of this convergence can be found in [59]. In the sequel, we assume that o > 0. Let us
consider the unfiltered vorticity w defined by

waVt u=Vt (Id-a?Ay, V2 (_82> . (1.2)

Applying the operator V1 to the first equation in (I.1]), we find, after straightforward computations using the
divergence-free conditions, that w is a solution to the following active scalar equation

Ow +v-Vw=0. (1.3)

Such kind of nonlinear and nonlocal transport PDE has been widely studied during the past decade in fluid
dynamics, especially regarding the periodic motions and more recently the quasi-periodic ones. We shall discuss
in this introduction two types of active scalar models in the form which will be of interest in the sequel.
The first example is given by the classical velocity-vorticity formulation of 2D Euler equations, namely

Ow® +v® - Vw® =0, vE = vie®, APP = W~

In this case, the potential velocity ¥* is obtained as the convolution with the Green function associated to the
Laplace problem set in the whole plane, namely

TP =G"xw”, G® £ Llog(|-|). (1.4)

The second example is given by quasi-geostrophic shallow-water equations with parameter A > 0, shorten in what
follows into (QGSW),, which is a geophysical asymptotic model describing the circulation of the atmosphere
at large time and space scales [68, p.220]. This model is given by

atqsw +V§W . vqsw =0, Viw _ VJ_ iw7 (A _ )\2)‘1[§\W _ qsw.

In this case, the potential velocity 5% is obtained as the convolution with the Green function associated to
the Helmoltz problem set in the whole plane, namely

\I/iw _ §\W * q*V, Giw 4 7%[{0()\‘ . |), (1.5)

where K is the modified Bessel function of second kind. We refer to the Appendix [A] for a presentation of
modified Bessel functions and some of their useful properties. The parameter A is called Rossby deformation
length or Rossby radius and quantifies the rotation/stratification balance for the fluid. Few results are known
regarding this model and we may refer to [26] [66] for the mathematical context of interest in the sequel and to
[27, 28] for interesting numerical simulations in the physical literature.

This paper is based on the following fundamental relation, which can be found for instance in [7, [63], giving
a nice expression of the Euler-a velocity field v.

v=Viw, U 2Gx*w, G2 G® -GV, (1.6)

Due to the importance of this formula for our work, we provide in Section [2] its detailed justification. In our
approach, we take advantage of this explicit link with Euler and QGSW equations to prove the existence of
periodic and quasi-periodic vortex patch motions for the Euler-a equations. In particular, we shall make appeal
to the computations carried out in [14} 17, 26l 42} [49] [51] relatively to these contexts. For the Euler-a model,
the global existence and uniqueness of classical solutions has been obtained in [I§]. The well-posedness of weak
solutions in the space of bounded Radon measures for has been proved in [63]. Indeed, the formula
and imply that the vector field v is less singular than the Euler one, which allows to reach the class of
measures for the well-posedness. An other consequence is that the Yudovitch theory also applies in this context
and the weak solutions are Lagrangian. This fact is the starting point to be able to look for vortex patches.
Before presenting the notion of vortex patch solutions together with the main results of this study, we may
end this presentation by briefly mentioning that the 2D Euler-a model has also been intensively studied in
the case of subset of R? domains with suitable boundary conditions. We may for instance refer the reader to
[19, 20, 21, 60, [72).



Now, we shall present the notion of vortex patches and discuss some historical background about the periodic
and quasi-periodic settings. The techniques used to find these two kind of solutions are completely different. The
periodic solutions are obtained by using bifurcation theory from the stationary solutions and the quasi-periodic
ones appear in the context of KAM/Nash-Moser theories. Considering an open bounded simply-connected
domain Dy in R? then the function 1p, provides an initial datum in the Yudovitch class. Therefore, we have
existence and uniqueness of a global weak solution which, according to the transport structure of , takes
the following form

(.U(t, ) = 1Dt7

where D, is the image of Dy by the flow map associated to the velocity field v, namely

D; = ®,(Dy), ®,(x)=2x +/0 v(s, ®4(x))ds.

The resulting solution ¢t — 1p, is called a vortex patch with initial patch 1p,. Given any parametrization
z(t,-) : T — OD; of the boundary of the patch at time ¢, it is well-known since the works [49] [50] that for
an active scalar equation, as in our case, the particles on the boundary move with the flow and remain at the
boundary. Hence, at least in the smooth case, one can write the following equation called vortex patch equation.

(8tz(t,t9) - v(t,z(t,@))) ‘n(t, 2(t,0)) =0, (1.7)

where n(t, z(t,0)) is the outward normal vector to the boundary 9D; of D; at the point z(¢,6). Since the
dynamics is planar, it is more convenient to use the complex notation. In particular, the Euclidean structure
of R? is transposed into the complex world in the following way :

Vu=a+ibeC, Yv=ad +ib €C, u-v 2 (u,v)p> = Re (uv) = aa’ + bb'.

Remarking that n(¢, z(¢,0)) is real-proportional to i9pz(t,0), then we get the complex form of the contour
dynamics motion (1.7]),

Im(atz(t, 9)W> —Im (v(t, 2(t, 9))W>. (1.8)

» Uniformly rotating solutions.
Uniformly rotating vortex patches, also called V-states, form a particular subclass of vortex patch solutions
taking the form

D, = ' D,. (1.9)

Any solution of this form is rotating with a time independent angular velocity 2 € R around its center of mass
fixed at the origine. If 2 = 0, then it is stationary, otherwise it is time periodic with period %” Historically,
the first example of V-states was provided by Kirchhoff [55] who showed that for Euler equations any ellipse
with semi-axis a and b uniformly rotates for an angular velocity = (aiil;),, Observe from (L.6)), and
that the stream function ¥ admits a radial Green kernel. Therefore, any radial initial profile would generate a
stationary solution. In particular, the Rankine vortices given by the discs provide such examples. The purpose
of this study is to prove the existence of periodic (and quasi-periodic) vortex patch structures close to these
equilibrium states. Due to the invariance by dilation of the model, it is sufficient to search for these type of
solutions close to the unit disc. The analytical study of existence of V-states close to the unit disc for FEuler
equations goes back to the work of Burbea [I7]. We also refer to [49] for a more recent and rigorous point of
view. Indeed, combining Crandall-Rabinowitz’s Theorem and complex analysis, one can find the existence
of branches of m-fold V-states bifurcating from the unit disc at the angular velocities
o em-! 1.10

Later on, a lot of attention has been paid to such type of solutions for different nonlinear transport fluid models
like Euler equations in the plane or in the unit disc, generalised surface quasi-geostrophic equations (SQG),
and (QGSW), equations. Also, several topological and regularity settings were explored and we may refer
to [22] 26, 132, 133, 34, (35, (36, [37, [38] [39, [41] 43, 45, 46, [47, [48] [49, [50, [65] [66]. Nevertheless, it seems that
the Euler-a model has been set aside from these studies. Hence, we propose here to study the emergence of
simply-connected V-states for this model. For this task, due to the decomposition , we may emphasize
the result in [26], where they found the following angular velocities related to the modified Bessel functions for
which the bifurcation of simply-connected V-states from the unit disc occurs

QN 2 LK) = TV K (). (L11)

Now, we shall present the first theorem proved in this study and dealing with periodic simply-connected patches
bifurcating from the Rankine vortices.



Theorem 1.1. Let a > 0 and 5 € (0,1). For any m € N*| there exists a branch of m-fold V-states of regularity
CY8 bifurcating from the unit disc at the angular velocity

(1 () ()~ I (2) Ko (1)) = 95— 03 (1) (112)

m-—1

Q. (o) £

for Euler-a equations (L.1)).

Remark 1.1. (i) Observe that the bifurcation frequencies (1.12)) are exactly the superposition of those of
Euler (1.10) and (QGSW )1 (L.11) models which is in accordance with the remark in Section@ and the

structure of the vortex patch equation (|1.8)).
(i) The following convergences hold true.

Q7 (a) = 5 - ( )K1 ( ) 208 (), Qe (o) — 2L =QF .

(iii) The case m = 1 corresponds to a translation of the trivial solution, see Remark .

The Theorem is proved by using Crandall-Rabinowitz’s Theorem in the spirit of the previous works
mentioned above. For that purpose, we reformulate the vortex patch equation in the uniformly rotating
framework with conformal mappings. We chose to use the conformal functional setting in order to be able
to take advantage of the computations already done in [20, [49]. Nevertheless, one could also use the polar
parametrization similarly to the next result on quasi-periodic solutions. Introducing, for an initial domain D
close to the unit disc D, the conformal parametrization ® : C\ D — C \ Dy in the form

D(2) = 2+ f(2), Z " ap€R,

we can reformulate the vortex patch equation (1.8 in the uniformly rotating context as the following equation

VweT, Fu@Hw) =0,  Fa(@)w) 2 m{(Q0(w) + I°(F)(w) + I (F) (e w) Jo@ (w)}

with
I5(f)(w) £ f &' (1) log (|D(w) — B(r))dr, I (f)(ow) 2 ﬁ@’mm (L10(r) - B(w)]) dr.

Remarking that the disc provides a line of solutions F,, (€2,0) = 0 for Q € R, we shall apply the local bifurcation
theory to find non-trivial solutions. In Proposition we prove that the functional F, is of class C'' with respect
to some Holder regularity spaces and its linearized operator at the equilibrium has the Fredholm property and
expresses as the following Fourier multiplier

Vw e T, dpF,(Q,0)( Zann—&— ( n+1(a)—Q)Im(wn+1).

The one dimensional kernel condition for applying bifurcation theory is ensured by the strict monotonicity of the
sequence (Q’Z(a))n cn- Which is checked using some refined estimates on modified Bessel functions, see Lemma
Finally, the transversality condition is a direct consequence of the Fourier decomposition of the linearized
operator and is checked in Proposition [3.2}(iv).

» Quasi-periodic in time vortex patches.

This topic is rather new in vortex patch dynamics and the tools used are borrowed from KAM/Nash-Moser
theories [2, [IT), 57, [61]. Recall that a function r : R — R is said to be quasi-periodic if there exists d € N*,
7 =7(¢) : T = R continuous and w € R? such that

r(t) =7(wt), VIe€Z\{0}, w-l1#0. (1.13)

The existence of quasi-periodic vortex patches close to the unit disc for the QGSW equations have been proved
n [5I]. These solutions are obtained by selecting the Rossby deformation length in a massive Cantor set.
Similarly, in [40], the authors used the parameter inside the equations to generate quasi-periodic vortex patches
near the Rankine vortices for (SQG), equations for suitable selected values of o.. Here our work follows the same
idea relying on the free parameter o to obtain these solutions. We mention two other works recently obtained
for Euler equations. The first one concerns the quasi-periodic patches close to the Rankine vortices in the unit
disc presented in [42]. The second result, which can be found in [I4], is relative to quasi-periodic patches close
to the Kirchhoff ellipses. In both cases, this is a geometrical parameter which, when taken among a Cantor-like
set of admissible parameters, allows to find quasi-periodic solutions. Our second result reads as follows.



Theorem 1.2. Let 0 < ag < a1 and S C N*. There exists €g € (0,1) small enough such that for every choice
of amplitudes a = (a;)jes € (Ri)|S| enjoying the smallness condition

|a| < €0,
there exists a Cantor-like set €0 C (g, 1) with asymptotically full Lebesque measure as a — 0, i.e.
lim |<€oo| = 01 — O,
a—0

such that for any o € Cx, the equation (1.3) admits a time quasi-periodic vortex patch solution with diophantine
frequency vector wpe(a,a) £ (wj(a,a))jes € RIS and taking the form

w(t,)=1p,, D, = {zeiﬂ 6el0,2r], 0<L< R(tﬁ)}, R(t,0) = \/1+2r(t,0), (1.14)

r(t,0) = Z a; cos (j6 + w;(a, a)t) + p(wpe(a, a)t, ).
J€es

The diophantine frequency vector satisfies the following asymptotic

pel,2) — (~05(0))jes,

where Qj“?(a) are the equilibrium frequencies defined by
Qs (a) 2 j(Q+ 05 (),

with Q&(a) as in . In addition, the perturbation p : TSIH1 — R is an even function satisfying for some
large index of regqularity s,
1Pl s (risi+1Ry = o(lal).
a—0

Now we shall briefly mention the key steps of the proof of Theorem which are similar to the ones of
[40} [42, [51]. The core of the proof of Theorem [1.2|relies on Berti-Bolle theory [11] and [0} Sec. 6]. We mention
here some results which have been obtained using this theory [3} Bl [6] [12] T3] 15 16, 29, B1]. Plugging the
ansatz into the vortex patch equation provides a nonlinear Hamiltonian transport PDE for the
radial deformation r in the form

Orr = 0gNV (1), (1.15)

with Hamiltonian ¢ related to the kinetic energy and the angular momentum. This equation satisfies the
reversibility property, namely if (¢,6) — r(t,0) is a solution, then so is (¢,0) — r(—t, —0). After a rescalling
r +— er the equation can be seen as a quasilinear perturbation of its linearization at the equilibrium
(e = 0), see . As mentioned in Lemmata and this latter is an integrable Hamiltonian system,
namely for any finite set of Fourier modes S C N* of cardinal d € N*, the linearized equation at the Rankine
patch admits, for almost every « in (g, «1), reversible quasi-periodic solutions with d-dimensional frequency
vector —wpq(e) £ (— QF(@)) in the form

r(t,0) = > rjcos (jO - QF(a)t), 1 €R.
j€S

The property for wgq () holds for almost every o by imposing some Diophantine conditions. The measure
of the corresponding set is a consequence of the transversality condition in Lemma (i) together with the
Riissmann Lemma[£.6] Notice that the transversality condition is itself a consequence of the non-degeneracy of
the function a — wgq(a) on [ag, 1], see Lemma The introduction of the Diophantine conditions imply the
invertibility of the linearized operator at the equilibrium state but with a fixed loss of derivatives. Therefore,
to find quasi-periodic solutions for the nonlinear model, we may apply a Nash-Moser scheme. For this aim we
reformulate the problem in terms of embedded tori. This is done by splitting the phase space L3(T) in (4.12
associated with into tangential Lz and normal Lf_ subspaces, see . Then we introduce in @ﬁz
action-angle variables (I, ) by using a symplectic polar change of coordinates for the Fourier coefficients on the
tangential subspace. Thus, any function r € L? (']I“fa, L%(Ta)) can be related to an embedded torus, namely

r(p,) =A(i(p)), i T? — T4xRIxL? , A:T'xR*x L} — L(T).
2 (19(90)’[(@)’2(@))

Then, the search of reversible quasi-periodic solutions to (1.15)) is equivalent to looking for reversible tori
solutions to
F(i,k, o w,e) =0, (1.16)



where % is a nonlinear functional whose complete expression can be found in (4.48)). This provides a true
solution of the original problem for the particular value

K = —wiq(@). (1.17)

To find non-trivial solutions of , we apply a Nash-Moser scheme. At each step, we shall find an approximate
right inverse, with nice tame estimates, of the linearized operator d; ..% (ig) at the reversible torus ig of the
current step. Applying the Berti-Bolle theory [I1] and [40, Sec. 6], one can conjugate the linearized operator
di 7 (ig) by a suitable diffeomorphism of the toroidal phase space T? x R% x L2 in order to obtain a triangular
system in the action-angle-normal variables up to nice error terms. Then to solve the triangular system, it
is sufficient to find an almost approximate right inverse for the linearized operator in the normal directions
denoted .Z| and related to the linearized operator L., of through the relation . To do so, we
conjugate £, to a constant coefficients operator up to error terms. This is the content of the Section
First, in Proposition [I.3] we use a KAM reduction process with quasi-periodic symplectic change of variables
to reduce the transport part of L.,. Then, in Proposition [£:4] we look at the localization effects in the normal
directions to recover the reduction of the transport part for ., . This provides a diagonal operator of order 1
plus a remainder of order (0, —1) in the variables (¢, 6). Finally, in Proposition we use a KAM reduction
process in the Toeplitz operators class to reduce the remainder term. Each KAM reduction occurs for suitable
restrictions of the parameters (o,w) to a Cantor-like set. In addition, the inversion of the final diagonal
operator also requires an extraction of parameters. The Nash-Moser process constructs a non-trivial solution
(o, w) = (foo (@, w), Koo (@, w)) With reversible torus i, modulo restriction of the parameters to a Cantor set in
(o, w) obtained gathering all the restrictions of all the steps for the contruction of the almost approximate right
inverses of the linearized operators. Then, coming back to , we rigidify the frequency w into w(a,e) so
that

oo (0, w(a, €)) = —wiq(a). (1.18)
We mention that the introduction of the free-parameter x was required to apply the Berti-Bolle theory along the
scheme, more precisely to invert the triangular system. The condition gives a final Cantor set in « only
that we must check it is not empty. This latter fact is obtained in Proposition [£.§ by estimating the Lebesgue
measure of the set through the Riissmann Lemma [£.6] together with the perturbed transversality conditions.

2 The stream function associated to the filtered velocity

This short section is devoted to the justification of the formula (1.6)) which is the fundamental relation for
this work. Recall that the identity ([1.6) was already observable in the literature, for instance in [7, [63]. The
divergence-free property for v and u in (|1.1]) implies the existence of stream functions ¥ and v such that

v=Viw, u=Vvy

and the goal of this section is to find a nice expression for the velocity potential ¥. Notice that, according to
the third equation in (1.1)), the stream functions are linked through the relation

P =(1-a?A)W.

Then, (1.2)) implies
w=AY=(1-a’A)AP.

We deduce from (1.4 and (1.5 that
v = ;—%GE*GiW*wéG*w.

o

Now our goal is to compute G. One can write

Glo) = b [ Ko (1) g = o) dA)
=g /Rz Ko ('%‘) log (| — y|*)dA(y)

— ot [ Ko () dog (1f? + [yl ~ 20 ) dA(y),
R2

where dA denotes the planar Lebesgue measure. Writing © = (Rcos(f), Rsin(f)), then a polar change of
variables yields

oo 2m
G(z) = 871'2%042/0 /0 rKo (£)log (R? +r* — 2Rrcos(0 — 1)) drdn

~0 [k @) i e [ 5K () B () i



where Ip denotes the Poisson integral defined by

™

Vz R, Ip(z) = / log (14 a* — 2z cos(n) ) dn.

—T

It is well-known, see for instance [23], that the Poisson integral admits the following explicit formula

Ip(x) = 4mlog(|x|) if |z| > 1.

Therefore,

o 9]
Gla) =50 [ 5k (5)dr+ 5 [ 5o (3) tow (5) ar

R
= [Tk (Bt ok [ 5K (5) s ) ar

A change of variables together with (A.3), (A.7) and (A.8)) give

R

R o
S [Tk () dr = 5 [ k(= 2 (1~ B5, ()

and

o0

ﬁ . Ko (g)log(r)dr:%[% uKy (u)du—i—iﬁQ uKy (u) log (u) dr

o

2T

= Rlog(a) o (B 4 ﬁ/ﬁ uKo (u)log (u) du.

a

An integration by parts in the last integral together with (A.8) lead to

2 [, uKo (w)log (u) du = 5 K (§)log (§) + 57 [ K (u) du
= 2L Ky (£)log (R) — 52 K, (B) + L Ko (B).

Gathering the foregoing computations and reminding that R = |z| we obtain

G(x) = & log(le]) + £ Ko (1) = G*(@) - GV (a). (2.1)

@ @

Notice that we recover a radial function as a convolution of two radial functions. In particular, any radial profil
gives a stationary solution for the active scalar equation (|1.3)) satisfied by w.

3 Periodic rigid motion

This section is devoted to the proof of the Theorem which is an application of the Crandall-Rabinowitz’s
Theorem |[B.1] This latter is applied to a reformulation of the vortex patch equation (|1.8) in the uniformly
rotating framework.

3.1 Function spaces and reformulation of the vortex patch equation

The goal of this subsection is to set up the contour dynamics equation for the Euler-« V-states near the Rankine
vortices. Consider an ansatz (1.9 with simply-connected domain Dy and rotating uniformly with some angular
velocity €2. At time ¢ > 0, the boundary 0D, can be parametrized by

2(t,0) = *2(0,0),  6€[0,2n],  2(0,0) = 2(0,2n). (3.1)
With this parametrization, the left hand side of (|1.8)) becomes
Im(@tz(t, 0)892(t,9)) = QRe (z(O,G)agz(O,G)). (3.2)

As for the computation of the right hand-side of (|1.8)), it is obtained from the Biot-Savart law. Note that the
velocity potential ¥ given by (1.6)) writes in this context

W(t.9) = & [ loa(l—€DdA©) + & [ Ko (dz—e) dAe)

t



Notice that the real notation 2 € R? has been replaced by the complex notation z € C. To get the Biot-Savart
law we shall use Stokes’ Theorem in complex notation

2 [ ocr€.0aa©) = [ fiee
D oD

Hence, by making the identification 2ids = V+ leading to v(t, z) = 2i0-¥ (¢, z) one deduces, after a regularization
procedure similar to the one explained in the proof of [42] Lem. 2.1], that

v(t2) =5 [ tosls et o [ Ko (31 -l (33)
One easily obtains from (3.1, and change of variables,
v(t, z(t,0)) = 6imv(0, 2(0,9)). (3.4)
Thus, combining and (3.1]), we obtain
Im(v(t,z(t,@))m) - Im(v(O,z(O,@))W) (3.5)
Gathering and (3.5)), the equation becomes
QRe(z(O, e)m) —Im (v(o, 2(0, 9))W> : (3.6)

Therefore, denoting 2’ a tangent vector to the boundary dDg at the point z, one gets from (3.3)) and (3.6 . ) that
for any z € 0Dy,

ORe (:77) + Im (Bﬂ /BDO tog (|2 — €[} de + - /aDO Ko(Lz C|)d§] z) —0, (3.7)

In accordance with the previous works in the field beginning with the one of Burbea [I7], we should rewrite the
equation by using conformal mappings. For that purpose we shall now present the function spaces used
throughout this first part on periodic solutions. Notice that we shall identify 27-periodic g : R — C functions
with functions f : T — C defined on the torus T = R/27Z = U through the relation

flw)=g(8), w=e".

In this part, we shall consider the following notation for the mean value line integral of any continuous function

f defined on the torus T
2
0y i6
]{Tf(T)d % / flr f(e )e do.

Now, we introduce the Holder spaces on the unit circle. Given ﬂ € (0,1), we denote by C3(T) the space of
continuous functions f such that

1flles ry = lfllzoe(ry + sup 1f(7) = f(w)] < 400

(1,w)€ET? ‘T - w‘ﬁ
rtw

and we denote by C'*8(T) the space of C' functions with S-Holder continuous derivative such that

+00.

df
A -~
[fllerescry = N llzoe ) + Hdw‘ CB(T)

For g € (0,1), we set

X8 L {f c CY™AT) st. YweT, flw anw fn € R}

n=0
yh & {g € CA(T) st. YweT, gw Zgnen , gn € R} en(w) £ Im(w™).

Remark that the m-fold symmetry property can be translated in the functional spaces as follows

X&l+6 £ {f c X1+ﬁ s.t. Yw € T f anm lw }7

Yrﬁ 2 {g c YB s.t. YweT, g Zgnmenm } .



We shall also consider the following balls of radius 7 > 0 in X'*8 and XL”, respectively
BFF 2 { FEX™E st ||fllcrenm < r}, BItS & BIHA A XL,

Based on the Riemann mapping Theorem, we may parametrize the boundary of Dy by considering the conformal
mapping & : C\ D — C\ Dy given by

®(2) £ 2+ f(2), f(z) = — a, € R.

Here, f is in B!™# for small . We have ®(T) = 0D, and we mention that the link between the regularity of
the mapping and of the boundary is given by Kellogg-Warschawski’s Theorem [69, [64]. For w € T, a tangent
vector to the boundary 0Dg at the point z = ®(w) is given by

2/ = —1wd’ (w).
Plugging this into and using the change of variables £ = ®(7) give
VweT, Fal@ ) =0,  Fa(® f)w) 2 I {(Q0(w) + I°(H)w) + (o, w) ju@ ()}, (3.8)
with

() 2 £ ¥ log ([0(w) = 2()dr, V() 2 f #(7)Ky (HB(w) — $(0)]) dr.
T T
Observe that the functional F, makes appear a term I associated with the Euler dynamics and a term 5%

corresponding to the QGSW equations.

3.2 Regularity aspects and structure of the linearized operator

Our next task is to study some regularity properties for the functional F, defined in , look for the structure
of its linearized operator at the Rankine vortex and check some monotonicity property for its spectrum. We
first remark that the linearized operator at the equilibrium state acts as a Fourier multiplier according to the
functions spaces introduced in Section More precisely, we have the following result.

Proposition 3.1. Let o > 0. Then the following properties hold true.
1. There exists r > 0 such that for any B € (0, 1), the following hold true.
(i) Fy : R x BMP — YP is well-defined and of class C*.
(ii) For any m € N*, the restriction F, : R x BiH0 — Y2 is well-defined.
(iii) The partial derivative dodsF, : R x BJ*F — L (XH'B7 YB) exists and is continuous.
(iv) For any Q € R, one has F,(£2,0) = 0.
2. Let Q€ R\ {3 — I, (1) K1 (%) }. Then the operator d;F,(2,0) : X'+ — Y7? is Fredholm with index 0.

1
a

In addition, for h € X 8 writing
[ee]
YweT, h(w)= Zan@", an € R,
n=0

we have

VweT, diFa(@.0)(w) = au(n+1) (ﬁ —sY (1) - Q)en+1(w), (3.9)

n=0
with QY as in (1.11]).

Proof. 1. (i) The proof of the regularity is now classical. We refer the reader to [49] for the computations
associated with the Euler part and to [26] for the computations associated with the QGSW part.
(ii) For f € B}t2, the following identities hold

r,m >’

2im 2im

Vw e T, ) (e%w) =em O (w), o’ (eﬁw) =& (w).



i

Therefore, the change of variables 7 +— em T implies

2i 2im

I(f) () = ¥ (Hw), () (e eFw) = () aw).

Consequently,
2im

Vw e T, Fo(Q,f)(e=w) =F,(Q, f)(w).

This symmetry property proves the desired result.
(iii) Onme readily has

Bady Fo (€2, )R] (w) = Im {Wm@(w) + h(w)w@/(w)} .
Hence, for (f,g) € (B}T)? and h € C*T(T), we get

| Fut@. 110 — ads Pa@.0) Al 15 = gllorsocm bllerocn.

Cx(

This proves the continuity of dodsFy, : R x B} — L(X T Y).
(iv) For w € T, using the change of variable 7 — wr, the fact that |w| = 1 and the definition of the line integral,
we get

I*(0)(w) = ]frlog (Jw—7|)dr
:wflog (\177|)d7'
T

2m

_w _i0}),i0
=5 /. log (|1 — €|)edf.

Now remark that
11— e? =2(1— cos(f)) = 4sin? (£).

In particular, this latter quantity is even in 6. Hence, we infer

#(0)(w) w/OWlog(siHQ(g))cos(H)dHZ—;U. (3.10)

" 4r

The last identity is a consequence of the following formula which can be found for instance in [22] Lem. A.3].

2
1
= i log (sin® (4) ) cos(nf)do = — (3.11)
Similarly,
2m
"V (0)(w) = 22/ Ko(%’ sin (g) D cos(0)df = wli () K1 (L). (3.12)
T Jo
The last identity follows from the following identity which can be found in the proof of [51], Lem. 3.2].
12”}(2'9 0)do = I,, (1) K, ( 1
o7 ), Kol(Gsin(5)) cos(nf)dd = 1. (3) K (3) (3.13)

Inserting (3.10) and (3.12)) into (3.8)) and using ww = |w|? = 1 gives the desired result.

2. We can write
dpFa($2,0)[h](w) = Z{h)(w) + K[h](w),
with
Zlhl(w) & (= 3+ L (2) K1 (2) )im {W(w)}
K[h](w) = Im { (Qh(w) + dIF(0)[h](w) + deSW(O)[h](w))E} .
One obviously has that Z : X8 — Y7 is an isomorphism provided that Q # % -1 (é) K, (é) . One readily
has

o) ) f T T,

Ol = f 2(w—1) 2@ —7)

T

W (r)log (lw — 7|)dr + ]fr

10



and

a5 (0)[R)(w) = ]frh'(T)Ko(é\w )

o f 5 () LD
][Ko (L — ) )Mhi))T(TU_T)dT.

Now, combining (A.2)) and (A.4), we can write
Ko(z) = —log(z) + F1(2), Ki(z) = —K1(z) = =1 + Fa(2), F1,F},Fa,F, bounded at 0.

Gathering the foregoing computations leads to

IO + 4P Ow) = £ 8, (o el + f ra(2 o) LT,
1 _ (m_m) (w — 7')
+7§rF2(a|w ) 2a|w — 7] ar.

This can be written in the form
dgI=(0)[h](w) + df I°¥ (0) [A)(w) = Tx, (B') (w) + T, (1) (w) + Tz (1) (w),

with

T (u) (w) £ ]fru(T)K(wm)dT,
Ki(w, ) = F1(§|w — T|),

Ko(w,7) £ Fo(L|w — 7)) (h(w) 2a?u(2)r(|w -7) dr.

Using the boundedness of F1, F}, Fo and Fj close to zero, we get

Ku(w,7)| < C, ks 7)| <
Cllhlicres
[Ka(w, )| < Cllbllersaqry,  [ukalw, 1) < —/E

Therefore, applying Lemma one obtains the continuity of d;I%(0) + d; IV (0) : C1+A(T) — C°(T) for any
3 < 6 < 1. Coming back to the definition of K, we deduce that for any 8 < § < 1, the operator K : X+# — Y9
is continuous (the symmetry property being easily obtained by straightforward calculations and changes of
variables in the integrals). Hence, using the compact embedding of C®(T) into C#(T) for 8 < & < 1, one
deduces that the operator K : X1*# — Y is compact. Consequently, d;F,(£,0) : X'*# — Y# is a Fredholm
operator with index 0. Now, we shall compute the Fourier representation of this operator. Fix

o0
w) = Zanwn e X8,
n=0

First observe that

Zhj(w) =—(Q— 3+ I ( Z Nnapen+1(w (3.14)

and

Im {Qh(w)w} = —Q Z aneni1(w (3.15)

The next task is to compute d¢I"(0). One has

][ R () log (Jw — 7|)dr = w][ W (wr)log (|1 — 7|)dr
T T
= - Z nanw"][?”ﬂ log (|1 — 7])dr.
n=1 T

11



The last integral can be computed as follows by using (3.11])
27
][?”“ log (1 —7l)dr =& [ e ™ log (|1 —€|)do
T 0
2m

=4+ log (sin® (£) ) cos(nd)d6

Hence,

T n=1
Similarly, we obtain
h(w) — h(T) > ][m — 7 it S ][, L S
dr = an — _ AW Fn—kqgr — _ An 75N
]{T 2(w—7) ;2 T WT nZ::lk:O ’ T n:l2
T7 N 17N 00 oo n—1
h —h n_ -n
][ (w) ,(T)dTZZ%][wi i :_Z “”“;H][T” kdr =0
T 2(w—7‘) rs T W—T == T
Consequently,
d;I%(0) =0. (3.16)

Now, let us turn to the calculation of Im {d ;I (0)[h](w)w} . The formula (3.13) gives

f st = rt)ar == 3 na, o f 7 o411 riin

n=1

27
— _Z”“ " / K() fsm g cos(nd)db

= - ;nfn(é)f(n(é)am"-
Thus )
Im{w]frh'(r)K( lw — 7| dT} an Dyapensi(w).

On the other hand
]erg(gw — 1) (h(w) = h(n) (@ = 7) + (h(w) — (D) (w—7) _

2a]w — 7|

:i < ][Ko ) 2|1)( - )dTern]n[rKé(ilT')WdT).

One can easily check that the above integrals are real and therefore

h(w)—h(T) wW—T h(w) — h(1))(w -7
Im{ ][KO ) 2a)|w+—(7| ) )dT}
= ;a" (]’LH‘ K(/J(é“ - T|) (Tn — 1) (T _QL)H__(:T — 1) (?_ 1) dT) ent1(w)
- (7[ sy = T T ) ‘”) )

Now, symmetry arguments together with an integration by parts and (3.13) imply for any k£ € N*

T —7E =1 P71 oy Sin(kf) sin(6)
—1

27
~5ra ], K§(2sin () sin(k) cos (&) df

k 2
= % .
— I (Y) i (1)

Ko(2sin (£)) cos(k#)do

12



Combining the foregoing computations leads to

Tm {d 1% (0)[) (w)w} = an((n 4 Dl (1) Knr (2) = 1 (2) Ky (L) )en+1(w). (3.17)
n=0
Putting together (3.14)), (3.15]), (3.16]) and (3.17)) gives the desired result. O

According to Proposition the possible values for €2 from which we can hope to bifurcate are
Qi) 255 = L () K (3) — 0 (3) K (3) ] = 20 -7 (3), neN (3.18)

We shall now prove the monotonicity of the sequence (Qﬁ(a)) This is given by the following result.

neN*"

Lemma 3.1. For any a > 0, the sequence (£2;, () is strictly increasing and tends to Q% («), with

neN*
Q% () =3 - N (5) Ki(3)-
Moreover,

VneN*, QF(a) — 21

a—0 2n

Proof. The convergences are immediate consequences of (A.9)) and (A.8). We shall now study the monotonicity.
For n € N*, we can write

Qo 1(0) = (@) = (g — %) — (W5 (3) -4V (2))-
We look for the monotonicity of the function ¢,, defined for n € N* by
Ve >0, ¢n(z) = QY (2) = QY () = In (2) Ky () = Ing1 (2) Kpaa (2) -

From the decay property of z — I,,(z)K,(x) on (0,00) for every n € N* and the asymptotic expansion (A.7)
we deduce

VneN", V>0, L(z)K,(z)< o (3.19)
Using (A5), (A6) and (3.19), we find
P () = I,(2) Kn () + In(2) K, (2) — 11 (2) K1 (2) = Tna () K 44 (2)
1
=2 (4 LK) - L (@)K
2 x K/ (x) Il 4 (x)
=2 (14 == K, () — =t K,
: ( + 2 ) - P 0 @)
2
< 2 (1= V2 + 2 [L(@) K@) + Lis (0) K (2)] )
2
< — (1 \/x2+n2>
T
< 0.
We deduce that for all n € N* ,, is strictly decreasing on (0, 00). In addition, from (A.7)), we infer
Vn € N¥, ;gnofn(x)Kn(x) = 5,
which implies in turn
vn e N*,  lim )V (2) = &1
z—0
Therefore,
vneN", Qp (o) - Q(a) > (Q(nrfu) — ) - (2(7;11) -5t =0.
This achieves the proof of Lemma O
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3.3 Construction of local bifurcation branches

We check here the hypothesis of Crandall-Rabinowitz’s Theorem which immediately imply Theorem
Notice that the line of trivial solutions has already been obtained in Lemma 1-(iv).

Proposition 3.2. Let a > 0, g € (0,1) and m € N*. The following assertions hold true.
(i) Fo:Rx XL — Y2 is well-defined and of class C*.

it) The kernel ker (d;F, (25 (a),0) ) is one dimensional and generated by
f

Vom: T — C
w = wm

~1
(ii) The range R(dfFa (an(a),O)) is closed and of codimension one in Y.
(iv) Transversality condition :

Doy Fo (@ (), 0) oo m] & R (dy Fo (5 (),0) ).

Proof. (i) Follows immediately from Proposition [3.1}1.
(ii) It is a direct consequence of Proposition [3.1}2 and Lemma [3.1] since for

Z " 1 X11n+57

we have by (3.9)
dyFo (0 ( Z nma, ( (a)) €nm- (3.20)
(iii) From Proposition 2 we know that dfF, (QE ),0) is a Fredholm operator with index zero. Together

with the point (ii), we conclude that the range of d;F, ( £ (a),0) is closed with codimension one. We endow
Y2 with the scalar product

<f7 g> ][ f dw = Z famGnm, f= Z frm€nm, g = Zgnmenm~
n=1 n=1

The continuity of (-,-) on Y2 x Y2 is a direct consequence of Cauchy-Schwarz inequality and the continuous
embedding C#(T) < L?(T). We claim that

R(dfFa (an(a),o)) = (em)t, (3.21)

where the orthogonal is understood in the sense of the scalar product (-,-). Observe that and the point
(i) immediately imply the first inclusion in . The inverse inclusion is deduced from the fact that the range
is of codimension one.

(iv) For any h € X1,

Yw €T, dadsFa(R5(a),0)[h](w) = Im {h(w)m + h/(w)} .
Consequently, implies
Bad s Fa (25,(0), 0)[0.m] = —Mep, & R(dfFa (25, (), 0)).
This ends the proof of Proposition and proves Theorem O

Remark 3.1. Observe that for m = 1, a similar calculation to Proposition [3.1}1-(iv), shows that for ®(z) =
z + ag, with ag € R, one has F,(0,®) = 0. By uniqueness of the constructed branch of bifurcation, this latter
corresponds to a translation of the Rankine vortex.

4 Quasi-periodic Euler-a patches

This section is devoted to the proof of Theorem It is based on KAM and Nash-Moser techniques in a
similar way to the recent works [14], 40, [42], 51]. First let us introduce the notations and topologies used along
this section.
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4.1 Topologies for functions and operators

This subsection presents the notations and topologies used along this part on the construction of quasi-periodic
vortex patches. First we fix
0 < ag < o. (4.1)

The parameter a will live in the interval (g, aq). More precisely, at the end it will belongs to a Cantor set
contained in this interval. We shall denote
d e N* (4.2)

the number of excited frequencies generating the quasi-periodic solutions. Consequently, the frequency vector
w belongs to R%. More precisely, at the end w should be close to the equilibrium frequency vector obtained at
the linear level at the Rankine vortex. Our solutions will be searched in the Sobolev class constructed on L? in
the variables ¢ € T and 6 € T. Hence, we decompose any p € L? (TdH, C), in Fourier series as follows

A
p= E Plj€lj, Pl = <P7 elvj>L2(’]I‘d+1,C)’
(Lj)ezat?

where (ey,;) (1, j)ezixz denotes the classical Hilbert basis of the complex Hilbert space L2(T4+1 C). Explicitly,
we have

eni(p,0) £t e; L.
The associated Hermitian inner product is
—_ 1
(P1,2) [ pass o) = / p1(p,0)p2(0, 0)dpdd, f(z)de & ——— / f(z)da.
’ Td+1 T (27T) [0,27]™

For s € R the complex Sobolev space H*(T*! C) is given by

B 0) 2 {p e XIHLO) st plE 2 Y )FlaaP <oo) (L) £ max(L, ] |j]).
(1,j)€za+1

The closed sub-vector space of real valued functions is denoted
H* 2 B (THLR) 2 {p e HY(THL,C) st ¥(p,0) € T, plp,0) = p(,0) |
- {p € H*(T1,C) st. Y(,5) €2, p_y_; = m}

In order to ensure some suitable embeddings, we shall consider the following restrictions on the Sobolev indices.
In particular S is chosen large enough.

S>s>s0> 4q+2. (4.3)

During the scheme, we shall also keep track of the regularity of our functions and operators with respect to the
parameters = (a,w). Thus, we introduce the parameters

v€(0,1), geN (4.4)
and consider the following weighted spaces
Wi (0,1 2 {ps 05 H st ol <oo lolg® 2 ST A sup 1070, ) lmecrer
a€Nd+1 neo
lal<q
wex(0,0) 2 {p: 05 C st o0 <o), lolp®2 D0 Al sup 9200,
aeNd+1 €0
lal<q

The set O is an open bounded subset of R%*! which will be fixed in (#.50). The parameters v and ¢ will be
fixed in (4.98)) and (4.49)), respectively. Observe that any p € W°7(O, H®) decomposes as follows

Pl 0) = > pri(pes;(e,0).

(Lg)ezd+t

Some classical properties of the weighted Sobolev norm are gathered in the following lemma. We refer for
instance to [16], [12], [13] for the ideas of their proofs.
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Lemma 4.1. Let (d,7,q,s0,s) satisfying (4.2), (4.3) and (4.4). Take p1,p2 € WY(O, H®). Then the
following assertions hold true.

(i) Space translation invariance : for any n € T, we have T,p1 : (11, ¢, 0) = p1(p, @, n+6) € W7 (O, H?),
and

o o
ITneallgss” = lloallgs

(ii) Projectors properties : For all N € N* and for all t € RY,

(9
Qa

NFP1llg,s+t X thng:.S) ||HNp1 \ th1||q7s+t’
Myl <N

where the projectors are defined by

Ty [ Y (p)jes | 2 > (p)je, Ty £1d—Tly,
jez \J‘j\iZN

(ii) Law products : prps € WSY(O, H®) and

pro2l3:8 S lorlgs o2l + lea 135 ezl 5s -
(iv) Composition law : For f € C*(O x R,R), if there exists M > 0 such that
lprll3: o2l <M,
then f(pn) — f(pa) € W7(O, H?) with
I f(p1) — (ﬂ2)|| < C(s,d,q, £,M)|p1 —P2||Z,’S,

where we used the notation
V(i 0,0) € O x T fp) (1, 0,0) = fp, p(p, 0,0)).

We shall now present the operator topology used along this section. In particular, we deal with the Toeplitz
in time operator class. These notions are based on the one introduced in [3], 12} 13} [16]. We consider parameter

dependent operators in the form
T:peOw T(u) € LH (T C))

which can be identified with an infinite dimensional matrix (Tl’j through their action on the

lo,jo (M)) (l,lo)E(Zd)2
(4.30) €22

Hilbert basis (elvj)(l fyezaxz 8 follows

l,j l,
T(p)ery,jo = Z z}o?jo (1)ew;, Tl[)?jn (1) £ <T(U)elo,jov €l,j >L2('Jl‘d+1 )
(L,j)ezatt

More precisely, we shall see such operators acting on W%°Y(0Q, H*(T4*+! C)) in the following sense,

p € W= (0, H (T, C)), (Tp)(1s ,0) = T(1)p(p, ¢, ).

We shall now introduce the Toeplitz operators class. An operator T'(u) is said to be Toeplitz in time iff

Tl () = T, (= lo), T (1) & Ty (w)-

Its action on a function p = Z Plo.joClo,jo Writes
(lo,jo) €291
T(wp= > T (1= 10)piyjoer;- (4.5)
(1,10)€(z4)?
(j,40) €72

The Toeplitz topology is given by the following off-diagonal norm,

ITNGS s 2 D> A sup 05T (1) llo-a,5—al» T30 2 Y. (ILm)> sup [T
agiar (P)€0 (1,m)ezd+1 j—k=m
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We mention that we will encounter several operators acting only on the variable 6 and that can be considered
as ¢-dependent operators T'(u, ) taking the form of integral operators

T(p, p)p(p, /K s, 0,m)p(p, n)dn.

One can easily check that those operators are Toeplitz and therefore they satisfy (4.5). We shall now give some
classical results on the Toeplitz norm. The proofs are very similar to those in [16] concerning pseudo-differential
operators.

Lemma 4.2. Let (d, so, $,7,q) satisfying (4.2)), (4.3) and (4.4)). Let T, Ty and Ty be Toeplitz in time operators.
(i) Composition law :

||,111T‘2 H dqs||T2 +HT1||OquOHT2||Oqu

(i) Link between operators and off-diagonal norms :

o
ITol3:2 S ITU2S g0 10115

q,8 r~

In particular
I1Tpll3:C S ITIS

q,8 r~

48

Now, wee give the following definition inspired for instance from [4], Def. 2.2].
Definition 4.1. We defined the following involutions
(720)(9.0) = p(—p,—=0),  (Fep)(0,6) = p(p,0).
An operator T = T(u) is said to be
e real iff Vp € L2(T4H C), Sp = p = Z(Tp) = Tp.
o reversible iff T o % = —SoT.
o reversibility preserving iff T o S = S50 T.
We end this subsection by recalling an important lemma whose proof can be found in [51, Lem. 4.4].
Lemma 4.3. Let (d, so, 8,7, q) satisfy , and , then for any integral opearator T with a real-valued

kernel K, namely

(Tp)(p, @, 0) = /Tp(u,%n)K(um@,n)dn, K (p,0,0,m) = K(u,0,0,1),

the following property holds true.
e If K is even in (¢,0,n), then T is a real and reversibility preserving Toeplitz in time operator.

e If K is odd in (p,0,n), then T is a real and reversible Toeplitz in time operator.

Moreover,
7100 S [N D5
and
1707 < Nl / 1K (5,0 + 117l + 1ol / 1K (5,0 + I,

where the notation *,-,. denote u, p, 0, respectively.
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4.2 Hamiltonian contour dynamics equation and its linearization

Here, we reformulate the contour dynamics equation as a Hamiltonian equation on the radial deformation
of the patch motion near the Rankine vortex associated with the unit disc. We also compute the linearization
of this Hamiltonian equation both at the equilibrium and at a general state close to it. Let us consider the
following polar parametrization of the boundary of a patch ¢t — 1p, close to the Rankine patch 1p.

2(t,0) 2 R(t,0)e! O~ R(t,0) £ \/1+ 2r(t, ). (4.6)

The radial deformation 7 is assumed to be of small amplitudes and the angular velocity €2 > 0 is introduced to
avoid the resonance of the first equilibrium frequency as in [40, [51]. Therefore, r satisfies an Hamiltonian PDE
as explained in the following lemma.

Lemma 4.4. The following hold true.

(i) At least for short time T > 0, the radial deformation r in (4.6) is solution of the following equation

V(,6) € [0.T) x T, 9ur(t,6) + Qpr(t,0) — F¥[r)(t,6) — Fr](en t,6) = 0, (4.7)
where
Fo1(0) 2 [ og (4,1.0.0)) 35, (R(t. )R (t.n)sin(n = ) dn (48)
F¥r (a1, 0) 2 /T Ko (LA (t,0,1)) 33, (R(+, 0)R(t,n) sin(n — 0) ), (4.9)
Ap(t,0,m) 2 |R(t,0)e — R(t,n)e"| . (4.10)

(i) The nonlinear and nonlocal transport-type PDE (4.7) can be written in the following Hamiltonian form

Oyr = 0pVIH (1), (4.11)

H(r) £ 5(E0r) =07 (1), Er)t)E—5 [ T(t,2)dA(z), F(r)(t)= %/D |2[PdA(2).

Dy

The notation V stands for the L2(T)-gradient associated with the L (T) normalized inner product
(10) 2y = [ 1(O)pat0)at
Proof. (i) First, from the polar parametrization (4.6]), it is easy to check that the left hand-side of (1.8]) writes
Im (atz(t,e)aaz(t, 9)) = —0,r(t,0) — Qpr(t,0).
Now we study the right hand-side of (1.8]). Combining (3.3) and (A.1), we deduce
i (v (1, 2(t,0))3p=(1.0) ) = —/log (12(2.0) — =(t. ) )1 (,2(¢,m)3p=(2.0) ) di
T
~ [ Ko (21z(6.0) ~ 2(t.)]) 1 (8,2(¢,0)00205.)) .
T
We conclude by remarking that
Im (&Iz(t, )2 (t, 9)) — 93, Im (z(t, n)z(t, 9)) — a3, (R(t, n)R(t,0) sin(y — 9)).
(ii) Using polar change of coordinates and (4.6)), we obtain
R(t.0) )
I(r)t) = / / deds = i/ (1+2r(t,0))"do,
TJo T

leading to
VZ(r)=1+2r and 3Q0,V_¢(r) = Qdpr.
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Now that we have treated the corresponding linear term in (4.7)), we can assume 2 = 0. From the complex
notation, we have

AW (t, 2(t,0)) = VU(t, 2(t,0)) - Dpz(t, 0)
=T (v(t, 2(t, 6))9=(t,0)
= —F"[r](t,0) — F*V[r](a,t,0).
From (L.6)), we can write

w(t )= | G(z,8)dA(),  G(z,€) 2 Gz —¢)).

The kernel G satisfies the following symmetry property
G(2.6) = G(£. ).
Consequently, we can apply the general [42 Prop. 2.1] giving
VE(r)(t,0) = 2% (t,2(t,0)).
This achieves the proof of Lemma [1.4] O

We shall now briefly discuss the symplectic framework behind the Hamiltonian equation (4.11]). First notice
that one deduces from (4.11)) that the space average is preserved along the motion so we may assume it zero
and work in the following phase space

Lg(T) £ {’/‘ = Z ri€; s.t. r—; = ’IT]‘, Z |’I“j‘2 < OO}, ej(ﬁ) £ eijQ. (412)
jez jez
The symplectic form # on L3(T) generated by (4.11]) writes
W (r,7) é/aglr(a)'f(e)da, 0y 'r 2 Hey. (4.13)
T JEL*
The associated Hamiltonian vector-field X ,» is defined by
dA (r)lp) = W (X (r),p),  Xo(r) = VA (r).

We shall also present the reversibility property of the Hamiltonian #°. For that purpose we introduce the
following involution on L3(T)
(Z7)(0) = r(—0), % =1d. (4.14)

Then changes of variables give
S oF¥=—F"0.9, Lo FW = _FVoo

implying in turn

H oS =, Xpod =—S0X,p.

Now, in view of applying a Nash-Moser scheme, we shall compute the linearized operator both at the equilibrium
and at a general state close to it. It is proved in [42] Lem. 3.1 and 3.2] that

4, F*(r)[p] = 09 (VEp) + O0LE(p), (415)
with
VE(t,0) & ﬁ /Tlog (A (t,0,n))0,(R(t,n)sin(n — 6))dn, (4.16)
L) (1.0) 2 [ plt.)1og (4, (t.0.0)) d (4.17)
and

~d, F*(0)[p] = 300p + 0oK 5 p =1 _jQ5pje;,  K(0) £ 3log (sin” (5))
JEZ
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We recall that A, and R are defined by (4.10) and (4.6)), respectively. In addition, it has been proved in [51]
Lem. 3.1 and 3.2] that

4P (1)[p] = 86 (VE¥5) — G613 (o), (1.18)

with
ViW(a,t,0) & R(t ) /KO +(t,6,1)) 0, (R(t,n) sin(n — 6))dn, (4.19)
L ()0t 0) 2 [ o) o (£A0.) d (4.20)

and

A O)lp] = 1 () Ka (3) 00p = 00 Qa o =13 (%) pjes Qal6) & Ko (2 Jsin (§)])

JEz

Gathering the previous results leads to the following lemma giving the general expression of the linearized equa-
tion and stating that the equilibrium is given by a Fourier multiplier associated with an integrable Hamiltonian
system.

Lemma 4.5. The following assertions hold true.

(i) The linearization of (4.11) at a general state r writes

dp = —80( wp+ Li(p )) (4.21)
where V,. and L, are respectively defined by
Vi(a,t,0) = Q+ VV(a,t,0) — VE(L,0), L, 2L+ L. (4.22)
In addition, we have the following symmetry property
r(—=t,—0)=r(t,0) = Vi.(a,—t,—0)=V,.(a,t,0). (4.23)
(i) (a) At r =0, the equation becomes
Op = OpL(a)p = 0gV H1.(p), (4.24)

where L(a) is the self-adjoint operator given by

1
L(a) & —Vo(a) — Kq * -, Vo(a) & Q+§—11( ) K1 (), Ko 2K — Q. (4.25)
The equation (4.24)) is generated by the quadratic Hamiltonian
Hi.(p) = 5(L(2)p, P) 12 - (4.26)
(b) In Fourier expansion, the solutions of (4.24)) take the form
Z p ge QE(a)t)
jez~
where for all j € 7%,
7y li]-1 _
Q(a) 250+ Bt - [0 () K (B) - 1y (D) Ky (D] =d[e+af@),  @21)

with Q?(a) are the frequencies obtained in the periodic case and defined in (1.12)). The operator L(a)
and the Hamiltonian J4, also write

QF (a «
Lap=—3 "0, and Aip=—3 L|pP. (4.28)

JEL* JEL*
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4.3 Transversality and linear quasi-periodic solutions

The aim of this section is to find quasi-periodic solutions for the linearized equation (4.24]), which is the basis
for expecting to get them at the nonlinear level. The result reads as follows

Proposition 4.1. Let (ag, a1,d) as in (4.1)-(4.2)). Take S C N* with |S| = d. Then, there exists a Cantor-like
set
Crq C (a0, 1], |CEql = a1 — o

such that for any o € Ggq, every function in the form
p(t,0) = Z p; cos (j0 — QO (a)t) p; €R*
Jj€Ss
is a time quasi-periodic reversible solution to (4.24) with frequency vector
wgq(a) = (Q?(a))jeg. (4.29)

The proof of this proposition is very similar to [51, Prop. 3.1] so we refer the reader to the corresponding
paper. We mention that in the proof, to measure the Cantor set ¢x,, we make appeal to the following Riissmann
Lemma which can be found in [67, Thm. 17.1].

Lemma 4.6. Let ¢o € N*, a,b € R with a < b and m,M € (0,00). Let f € C?([a,b],R) such that

inf max |f9)|>m. 4.30
2€la.b] ¢€[0,q0] Gl (4.30)

Then, there exists C = C(a, b, qo, || fllcao (ja,p),r)) > 0 such that

1
Mao
-
m1+ a0

(zefab] st |f(z) <M} ‘ <C

To apply the previous lemma, we shall check the transversality condition for the equilibrium frequency
vector wgq in . It is proved in Lemma (1) Notice that the measure of the final Cantor set in
Section generating quasi-periodic solution for the nonlinear model requires transversality conditions for
the perturbed frequency vector. These latter are obtained by perturbative arguments from the one for the
equilibrium frequency vector stated in Lemma [£.9] and which are themselves deduced from the non-degeneracy
of the unperturbed frequency vector proved in Lemma [{.8] First we start by giving some properties of the

frequencies (4.27)).

Lemma 4.7. The following properties hold true.
(i) Va >0, QF(a) et Vola)g, with Vo(a) as in (4.25).

(ii) For all a > 0, the sequence (Q2F(a))jen- is strictly increasing.

(iii) For any j € Z*, we have
Ya >0, ‘Q?(a)‘ > Qlj|.

(iv) For any j,j € Z*, we have
Va >0, [Q5a) - ()] > 9lj - .

j/

(v) Given 0 < ag < a1 and qo € N, there exists Cy > 0 such that

Vigo€Z',  max sup |9 (Q%(a) 25 (a))| < Coli — jol-

q€[0,q0] a€lap,an]

Proof. (i) and (ii) follow immediately from Lemma and (4.27)).
(iii) Due to the symmetry (4.27)), it sufficies to study the case j € N*. From Lemma we get

Va >0, Qf(a)=0.
Consequently,

Va >0, Qf(a) =50
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(iv) Due to the symmetry , it suffices to prove that
Va >0, V(j,j") e N [QF () £Q5 ()| = Qi+ 5.
The point (ii) allows us to restrict the discussion to the case j > j'. We can write
QF (o) £ Q5 (a) = Q> £5) + 725 () £ 5'Q% (a).

In view of Lemma we obtain
795 (@) :i:j’ﬂj"?,(oz) = 0.

Hence
. .
Q5 (a) £ Q5 (a) = Q@ £5).

(v) As before, by symmetry, it sufficies to prove that

v(ja ]0) € (N*)zv Va € [OZOaOél]a Vq € Hoqu]]a

08 (5 () £ 25, ()| < Colj  jol-

Let us start with the difference. We can write form (4.27)

O (a) = QF (a) = Q(j — jo) + 1-d, QN (2) -2V (5), VW) £ .

2 a a l71

Now it has been proved in [51], Lem. 3.3-(vi)] that for some 0 < Ao < A1, there exists C' > 0 such that
V(ijo) € (V)% VA€ Do), Vo€ [0,al, |05(V )£ W)| < Clitiol.  (431)

We warn the reader about the difference of definitions of the frequencies Q5" between this article and [51] (with
the  missing). But this has no impact here. Hence, we conclude by the triangle inequality that for some
Co>0

V(Ja ]0) € (N*)27 Va € [CVOa al]a vq € [[O,QO]]v

08 (2 (e) = 25, (0))| < Coli — jol-

We now trun to the additional case. We can write

0< Q) + 05 () = G + o) + (555 + o T3t ) — o (£) - 05 (4).

Notice that ‘
VieN', LE<l oand QY (1) >o0.

2j o
Thus,
0 < Qj(a) +Qj, (@) < (2+3)(J + jo).
Combined with ({.31]), this ends the proof of Lemma O

For a fixed finite set of Fourier modes
S={ji,--,ja} CN*,  ji<...<ja, deN, (4.32)
we define the equilibrium frequency vector
wiq(a) = (Q?(a))jes. (4.33)

Then, in view of the measure of the final Cantor set, we may check the Riissmann conditions for the unperturped
frequency vector (4.33). They are obtained by using the following non-degeneracy conditions.

Lemma 4.8. Let (o, 1) as in (A.1)). The equilibrium frequency vector wgy and the vector-valued functions
(wiq, Vo) and (weq, Vo, 1) are non-degenerate on [ag, aq], namely the curves

a € [ag, a1] — wiq(a),
a € [ag, a1] — (weq(a), Vo(a)),
= ()

a € [ag, a1] = (weq(a), Vo(a), 1)

are not contained in an hyperplane of R, R4 and R42, respectively.
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Proof. » Assume that there exists (cy,...,cq) € R? such that

Va € [ag, 1], chQ

which is equivalent to

Va € [ao, i), Zcm( + 41 = chQSW 1) (4.34)

By analyticity of the product I, K, on {z € C s.t. Re(z) > 0} for any n € N*, then by continuation principle,
the previous identity is still true for a > 0. Taking the limit o« — 0 in the previous relation implies from (A.8)

d
chjk (Q + ]Sjkl) = 0.
k=1
The equation (4.34]) is reduced to
d
> a5 (3) =
k=1
Then, proceeding as in [51, Lem. 3.4], the asymptotic expansion of large argument for I;K; provides an

invertible Vandermonde system leading to Vk € [1,d], ¢t = 0.
» Assume that there exists (cy,...,cq,cqs1) € R (resp. (c1,...,¢d,car1,car2) € R4T2) such that

d
Vo € [ag, aq], (resp. cgrot) car1Vo(a) + chQ
=1

which is equivalent to the fact that for any « € [ag, a1],

(resp. Capat) cap1(Q+3) + Z Crik (Q + ]Syk ) =conli (£ )+ Z cr§5) (1) (4.35)

As in the previous point, this identity can be extended to (0, 00) and taking the limit o — 0, one gets by (A.8)

(resp. cay2+) car1(+ 32 +chk (Q+ J;Jkl) =0.

Inserting this information into (4.35]) yields

Ya > 0, Cd+1_[1 + Z CkQ
This equation has also been studied in [51), Lem. 3.4] leading to ¢; = ... = ¢q = cq4+1 = 0 (resp. supplemented
by cq.2 = 0). This achieves the proof of Lemma O

Now we shall prove the transversality conditions for the equilibrium frequency vector.

Lemma 4.9. [Transversality] Let (ag, 1) as in (4.1). Then, there exist qo € N and py > 0 such that the
following results hold true. Recall that wrq and Q5 are defined in (4.33) and (4.27)) respectively.

(i) For anyl € Z¢\ {0}, we have

inf max
a€lap,a1] ¢€[0,q90]

Dhwrg(a) 1| > poll).
(i) For any (1,7) € Z* x (N*\ S)

inf max
aglag,a1] ¢€[0,90]

01 (weal@) - 1 jVo(a) )| > po 1)
(iii) For any (1,7) € Z¢ x (N*\ S)

inf max
aglag,a1] ¢€[0,90]

0% (wra(@) - 1 Q5(0)) | > po(0)-
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(iv) For anyl € 72,3, € N*\'S with (I,5) # (0,5, we have

inf max
aglag,a1] ¢€[0,q0]

01 (weal@) - 14+ Q) £ 2 (a)) | > po 1)

Proof. We shall prove the point (iv) which is the most difficult one. The arguments are similar in the other cases
using the corresponding non-degeneracy conditions provided by Lemma Fix some [ € Z% and j,j' € N*\'S
with (1, 7) # (0,5"). If for some ¢y > 0

i £ 35" = co{l),

then applying the triangle inequality together with Lemma (iv), we get
wea(@) 1+ Q5 (a) £ 05 ()| > |2 () % ()] — fwsq(a) -1 > Qj £ - CUI > ().
Therefore it remains to check the proof for indices satisfying
l7 £ 5| < coll), 174\ {0}, j,j €eN*\S. (4.36)

We assume in view of a contradiction that for all m € N, there exist real numbers ,,, € Z¢\ {0}, jm, 7., € N*\'S
satisfying (4.36]) and «,,, € [ag, @] such that

QF ()20 (a)
9z (qu(a) gy 4 [
la=aum

[Lm ]

_1
max < pror

q€[0,m]

This implies that

; I QF (a)iﬂf;n () 1
a=am,
By compactness and (4.36)), up to considering a subsequence, we can assume that
lim e =0, lim {=tin — g, lim an, = a. (4.38)
m— 00 [l m— o0 [l m— o0

Now we shall study separetely the cases whether the sequence (I, ) is bounded or not.
» Here we assume that the sequence (I,,,),, is bounded. Then, by compactness, we can assume, up to an
extraction, that we have the following convergence
lim 4, =1 #0.

m—0o0
Now according to we have two sub-cases to discuss depending whether the sequences (jm)m and (4/,)m
are simultaneously bounded or unbounded.
o We first study the case where the sequences (j,,)m and (j,)m are bounded. Observe that the is the only case
to consider if we work with the sign ” + 7 in . Since they are sequences of integers, then by compactness
we may assume, up to considering an extraction, that they are constant, namely

35,7 € N*\'S s.t. VvmeN, jn,=3j and j =7
Hence taking the limit as m — oo in (4.37)), we obtain

VgeN, a1 (qu(a) T4 Q5 (a) £ 05 (a)) =0
Thus, the analytic function o — wgqy(a) -1 + 0 (o) & Q (a) is identically zero which enters in contradiction
with Lemma up to replacing wgq by (wrq, Q?) or (Wgg, QEE., Qf—,)
e Now we study the case where (j,,,)m and (I, )m are both unbounded and without loss of generality we can
assume that

. . _ . VA
oI = iy m = 0 (439)
Notice that here this case only concerns the situation with a sign ” —” in (4.36|). Nevertheless, for later purposes,

we may treat both sign situations. From the expression (4.27)) we can write
QF (@) £ Q5 (@) =(m £ jr)Vol@) — (5 £ 3)
G 300 L3 K5, () 2 30 (T3, K ) (3) = (13, K5, (3)),
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with Vp(a) as in (4.25). It has been proved in [5I, Lem. 3.5] that for any ¢ € N, and for any 0 < Ay < Ay,

lim  sup |4, 0%(L, Kj,, — Ijy K )()\)‘ =0, lim  sup
M0 \e[Ao,A1] e M= \e[Xo,A1]

Therefore (4.38]) and (4.40) imply for any ¢ € N,

ag(ljijm)(A)‘ —0. (4.40)

lim_ 1|10 (25 () £ 95, (@)

m—oo Im

= 01 (Vi) + (1171 (4 + %))m

la=am,

By taking the limit as m — oo in (4.37)), we find

N

VgeN, a9 (qu(a) e+ dVola) + 171 (5 £

))‘a:a = 0.

Thus, the analytic function o — wgq(e) - €+ dVo(e) + |71 (5 £ 1) with (6,d) # 0 and (¢,d, |I|7!) # 0 is
vanishing which contradicts Lemma
» Now we treat the case where the sequence (I,,,),, is unbounded. Up to an extraction we can assume that
lim |l,,]| = oo.
m—r o0
We shall distinguish three sub-cases.

e We first assume that the sequences (j)m and (j/,),, are bounded. Hence we have convergences of the type
(4.39). Then taking the limit in (4.37)) yields,

VgeN, dlwpq(@)-¢=0.

which leads to a contradiction as before.

e The case where the sequences (jm)m and (j),)m are both unbounded is similar to what has been done
previously.

e Now we assume that the sequence (j, ) is unbounded and (j/,,), is bounded (the symmetric case is similar).
Without loss of generality we can assume that

m— o0
One obtains from (4.40) and (4.38)
. -1 37 _
Vg eN,  lim [bn| 08 (9F, () £ 95, (@) = d0LVi(a).
Consequently, taking the limit m — oo in (4.37) gives
Vge N, 04 (qu(a) -C+ JVo(oz)) =0

Thus, the analytic function o = wgq () - €+ dVp(a) is identically zero with (¢,d) # 0 which contradicts Lemma
This completes the proof of Lemma O

4.4 The functional of interest and associated tame estimates

In this subsection, we shall reformulate the problem in terms of embedded tori through the introduction of
action-angle variables. This leads to look for the zeros of a nonlinear functional. Observe that the equation
(4.11)) can be seen as a quasilinear perturbation of its linearization at the equilibrium state, namely

Opr = OpL(a)(r) + X o (1), Xop(r) £ 5097 + 0gKo % 7 + F°[r] + F*V[r], (4.41)

with F® F5W and L(a) as in (4.8), (4.9) and (4.25)). The smallness property is encoded by the introduction of
a small parameter €. Then we consider the rescalling 7 +— er with r bounded. Therefore (4.11]) becomes

or = OpL(a)(r) + eX o, (1), X, (r) 2 e 2 X p(er). (4.42)
Remark that (4.42) can be written in the Hamiltonian form

Oyr = gV H(r), He(r) = e 2 (er) & J4.(r) + eP(r),
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with 74, as in (4.26]) and €22, (r) containing the higher order terms more than cubic. We shall now reformulate
the problem in terms of embedded tori. For that purpose, we introduce the action-angle variables. This is done
in the following way. Introducing the symmetrized tangential sets S and Sy associated to S in (4.32))

S2SU(-S)={+j, j€S}, So=Su{0},

we can split the phase space LZ(T) into tangential and normal subspaces

Li(T) = LgéLi, Ls & {v = Zvjej, v_j :Fj}, L} 2 {z = Z zj€j, Z_j = Z} (4.43)
jes JEZ\So

Therefore, we can decompose any r € LZ(T) as follows

r=uv+z, ’U:HSOTéZTjejELg, Z:H§‘0ré Z TjejELi.
jes JEZ\So
We consider small amplitudes
d
(aj),es € (R}, a_;=a;

and introduce the action-angle variables

(1,9) = ((Ij)jegv (ﬂj)jeg)’ Lj=LeR, 9 ;=-0;€eT

such that on the tangential set Lg we have

Vr € Lg, r:Z,/a?+|j|ljemfejév(ﬂ,[). (4.44)
j€s
This defines an application
A: T*xRIx L2(T) — L&(T)
W0, 1,2) — r=v,I)+z
which is symplectic with respect to the symplectic structure # defined in (4.13)). We refer for instance to [42]
for a proof of this result. In these coordinates the new Hamiltonian system is generated by the Hamiltonian

1
H.EH.0h= N +€P,, N E —wpq(a) - T+ §<L(a) z:,,z>L2(T)7 P. 2 P oA (4.45)

We look for an embedded invariant torus

i: T4 — TixRYxL?
o = i(p) = (0(p), I(p), 2(¥))

of the Hamiltonian vector field

Xow, 2 (01 A2, — 09 A0, TIE, 05V . A2 (4.46)

filled by quasi-periodic solutions with Diophantine frequency vector w. Note that for value ¢ = 0, the Hamilto-
nian system

w - Opi(p) = X (i())
possesses, for any value of the parameter « € («g, 1), the flat invariant torus (i, 0,0). Similarly to [IT], 40}, 42,
51], we shall introduce a free parameter k € R? to deal with zero g-average conditions in the construction of
an almost approximate right inverse for the linearized operator and therefore consider the following family of
modified Hamiltonians,

1
HEE Nt ePey M2 T (L) 2,2) - (4.47)

We mention that the original problem is recovered by taking x = —wgq(a). Now we are interested in finding
non-trivial zeros of the nonlinear functional

w - Op0(p) — K — €0rPe(i())
F(iy 5, (,w), ) £ w- Byi(p) — Xopn (i(p)) = w - Oy () + 0y P (i) : (4.48)
w - 0p2(p) — g [L(a)z(ap) + eV, P. (z(cp))]

We point out that we can easily check that the Hamiltonian 72" is reversible in the sense of the Definition
that is,
H 0 S =5, S(W,1,2) & (=9,1,72),
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with . as in . Thus, we look for reversible tori solutions of % (i, k, (o, w), e) = 0, that is satisfying
Si(p) =i(=¢),  de. V=) =-d(p), I(=¢)=1(p), z(=¢)=(T2)(p).
Now we define the periodic component J of the torus i together with its Sobolev norm by
I(p) 2ilp) = (9,0,0) = (B(0). 1(9),2(9)),  O(p) £0(0) =, T30 210157 + 157 + [12113:.
The norm || - ||gso is defined in Section We shall fix g as follows
g% q+1, (4.49)

with the ¢y appearing in Lemma This particular choice is relevant in the final subsection when checking
the perturbed Riissmann conditions. We also define the set of parameters O as follows

O 2 (ap, 1) x B(0, Ry) € R4, (4.50)
where the open ball B(0, Ry) C R¢ with Ry > 0 is chosen such that
OJEq((OéQ,Oél)) C B(O, %)

This is well-defined by continuity of the application wgq in (4.33). This particular structure is chosen so that
the perturbed frequency vector in Section [4:6]is included in the corresponding component of O in order to check
trivial inclusions. We shall now prove tame estimates for X 5.

Lemma 4.10. Let (v, so, s,q) satisfying , and . There exists €9 € (0,1] such that if
711775012 < €0,
then we have the following estimates for the vector field X o in
(i) X7 S Irlgsalirlly -1
(ii) dr X (M) [oll13:0 S Mol a3 sess + 17113

(iii) |2 X o (r)[p1, p2]lI 79 < llpally

Proof. Tt suffices to prove the estimate (iii). Indeed, the estimates (i) and (ii) are consequences of (iii) by a
direct application of Taylor formula since X5 (0) = 0 and d, X »(0) = 0. Recall from ([{.15]) and (£.18) that

dr X (r)[p] = dr F™(r) ] + dr =7 (r) [p]
=05 (V"p) + 9pLy(p) — 0 (V™ p) — L™ ().

q,5+2 ||P||q,50+1

,90+1||p2 q,e+2 + [lp1l q,9+2Hp2||q,90+1 +rly €+2||p1||q so+1||p2||q,e0+1

Differentiating the last expression with respect to r yields

A2 X 5(r)[p1, p2) = 09 ((dr VP [p2))p1) — O (dr Ly [p2]p1) + o ((dr V2V [p2])p1) — Do (dr L™ [p2] p1 ).

But it has been proved in [42] Lem. 5.2] and [51] Lem. 5.2] that each term in the right hand-side of the previous
equality satisfy an estimate as in (iii) in the statement of this lemma which concludes the proof of this latter. O

Consequently proceeding as for [5I, Lem. 5.3], the previous lemma implies the following one stating tame
estimates for the perturbed Hamiltonian vector field in the action-angle-normal variables.

Lemma 4.11. Let (v, so,s,q) satisfy ([{.4), and ([£49). There exists o € (0,1) such that if
c<e, IS, <1,
then the perturbed Hamiltonian vector field in the new variables
Xp, = (0rPe, —09Pe, 15 05V . P-)
defined through (4.45) and m satisfies the following tame estimates

(i) 1Xp, ()30 S 1+ 1131752

(i) i Xp. )7 S 17072

s+2 || ||q,so+1

2
7+ 1308 (1713:904)

q78+

(iii) ||d2 Xp. () [L31]75 S 1703
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4.5 Almost approximate right inverse

The aim of this section is to construct for any vector-valued function xg : O — R?% and any reversible torus
io = (Yo, o, z0) close to the flat one an almost approximate right inverse for the linearized operator

d(i’ﬁ)y(’io, Ko)[/l\, /Iﬂ =W - aﬁ— dinf:o (Zo((p))m — (7‘5, 0, 0) (451)

associated with the functional .# defined in . For this purpose, we use the Berti-Bolle theory developed in
[T1] and [40, Sec. 6]. Namely, we can find a linear diffeomorphism of the toroidal phase space T¢ x R¢ x L2 such
that the conjugation of by this application is a triangular system in the action-angles-normal variables up
to error terms either vanishing at an exact solution or small fast decaying. The key point to solve the triangular
system is that it is sufficient to almost invert the linearized operator in the normal directions. According to the
computations done in [IT], [40], this latter admits the following form

L E P (i) 2T (w Dy — 0 NV LA (i () — gam(ap))ng%o , (4.52)

where #2 is as in (4.47)) and R(¢) is a remainder operator coming from a coupling with the tangential part
and given by

R(p) & Ly (9)rV P-(io(#)) L2() + L3 (9)8:V1Pe(io(9) + 01V Pe(io(¢)) L2 (),
with P, as in (4.45)) and
Ly:R' 5 L3, La() 2 ~[(@%) (@) 05", Z0(9) £ 20(05 (9)).
We used the following definition by duality for the transposed operator L, : L2 — R¢
YueL?, YveR? <L2T(<p)u,v>]Rd = <u,L2(gp)v>L2(Td).

Furthermore, we can have a more explicit decomposition of the operator ., . The result is described in the
following proposition whose proof is similar to [51), Prop. 6.1] or [42, Prop. 6.1].

Proposition 4.2. Let (d,~, so,q) satisfy , , and . Then, the operator £\ in writes
L1 =T, (Lo — 204R )T, (4.53)
where the operator L., is defined as follows with V., and L, obtained from ,
Loy 2w 0p+0p(Ver - ) + OpLicy. (4.54)
The function r is linked to the reversible torus iy in the following way

T'(QO, ) £ A(’io(ﬁp)), T(fﬁp, *0) = T(‘Pv 9) (455)

and satisfies the following estimates

28 S1+[3l3:0 18127[3:7 S 18123132 + 1A12d3:5 max ]3]

||T q,s S 2 4,5 ~ g,50 je{1,2}

,0
19, (4.56)

Finally, the operator R is an integral operator with kernel J satisfying the symmetry property

T(=p,=0,—n) = T (v,0,n) (4.57)
and the following estimates for all £ € N,
~ 17,0
sup 1@5T) (%, s+ I3 S 1+ 130l e 5e (4.58)
n
and o o o
sup 181205 ) (%, e+ 170 S N Av2il|] s e + IIAlzill”,’sﬁsjgg} 12 B (4.59)
’I'] 9

where *, -+, denote the variables o, ¢, 0 and Jy(¢) 2 ig(0) — (,0,0).

Now we shall start the reduction procedure of the operator .Z, . The first step is the reduction of the transport
part of L., in (4.54)), which is done by conjugation with quasi-periodic symplectic change of variables close to
the identity similarly to [5] [15], B0, [51]. Actually, we apply here [51], Prop. 6.2]. The result is the following.
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Proposition 4.3. Let (d, s0,.5,7,q,q0) satisfy (4.2), (4.3), (4.4) and (4.49). We consider the following param-

eters a1 N
’U:ma ledq0+17
SIS s0+Tg+ T +2, [y =4mg+ 67+ 3,
5 £ s+ T2q + T2, Sh 2 S+ s+ 1,

UléSO+T1q+271+4, 02é80+01+3.

For every choice of additional parameters (us,p, sp) with the constraints

3
o = Tho, p =0, SthaX(2M2+Sz+1,Sh+p>,

there exists eg > 0 such that if the following smallness condition holds

ey N <o [30l178 40 < L,

q; Sh +o2
then there exist mgy € W27 (0O, C) e-close to the equilibrium one Vo in (4.25), namely
gy = Voll3@ < e

and an invertible quasi-periodic symplectic change of variables % in the form

BE(1+0p8)B,  Bplu,p,0) 2 p(p, 0,0+ B(u, 0,0)), B E€WLV(O,HY)

with inverse =" in the form

B =1+0,0B7", B p(uo.y) = plp. oy + Blu.o.y))
with R
y=0+p8(p0) < O=y+pBu ey
enjoying the symmetry properties
ﬂ(aa w, —p, 70) = 75(043 w, p, 0)7 B(aa w, —p, 79) = 75(043 w, @, 9)

and the following estimates for all s € [sg, S|

”:%:I:l

+ || +€771”J0“q s+01||p||q S0

and R
1B S IB13E S e (1 + 11913,

such that for any n € N, then in restriction to the Cantor-like set

OnIT (ig) & N {(a,w)e(’) s.t. |w-z+jm;?§(a,w)|>4gl’;ﬁf>},

(1,5) €24 xZ\{(0,0)}

[<Nn

the following reduction holds
Lo EB LB =w- 0y + M09+ 0pKa % - + OpRe, + EY,
with Ko as in [(#25) and ES = E2 (o, w,ig) a linear operator satisfying
IESI7:0 S NNt 1l 1o

The operator R, is a real and reversibility preserving integral operator satisfying

Vs € [0S, max BR300 < v (14 19001750.)

In addition, for any tori i1 and iy both satisfying (4.62), we have

,O
||A12m00||V S €||A122||q Sh+2° ||A12B||q Sh+P+ ||A12ﬂ||q Shtp ~ < ey 1||A127’Hq Sh+p+o1
and
kg??}x ||A12(8 RET)”O 4,q,5n+p ~ S ey 1||A12Z Q79h+P+02
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(4.60)

(4.61)

(4.62)

(4.63)

(4.64)

(4.65)

(4.66)

(4.67)

(4.68)

(4.69)

(4.70)

(4.71)

(4.72)



Proof. Using the computations in [51, Prop. 6.2] and [42, Prop. 6.2] for the V2 and VEY in (4.16)-(£.19), we
get the following estimate for V_,. in (4.22)),

IVer = Vallg:® < IVE + 313:2 + V3" = LK 30 S 2 (14130750 ) -

This allows us to start a KAM reduction procedure as detailed in [51], prop 6.2], which provides &7 (ig),

transport

e B and EO as in the statement, with the corresponding estimates (4.65)), (4.66)), (4.69), (4.71) and symmetry
4 64 such that in restriction to %™ (i) we have

transport

B w0yt 09 (Ver ) ) B = w0+ 0, + 1320y + B

Now, we shall look at the conjugation effect on the nonlocal term. Refering to [51, Lem. 5.1] and [42] Lem.
5.1], we have the following decompositions for the operators in (4.17)-(4.20)),

QLE, = 0ok % -+ OGLE, . LE(p)(p.6) 2 / ol KE, (12,6, m)d, (4.73)
QLY = 9y O+ - + OpLEY,, LY (p)(r0.0) 2 / ol K (0 0,6, ), (4.74)
T

where the kernels KZ, and K2V are respectively defined by

2 2
KE,(,0,m) 2 10g (ver(0,0,m)),  ver(p,6,m) £ <(’W> +R(@,9)R(<p,n)>
KSW(@aa 77) <%/<9_77)<)g€7‘,1()‘7§0707n)+‘%/€7“72()‘79079777)a %(9) é n2 (g) 10g(|Sin (g)D )

Her1(N, p,0,m) £ E " gip2m—2 (9%?7) (1 —vsr(go,ﬂ,n)), A éé

Mg

m=1

, "y
Hera(X, @,0,n) £ log()) sin® (772) Her1(N 0, 0,m) — KE.(¢,0,1) 1o (Aer(9,0,7))

KE
+ fF(AAr (@, 0,m)) — f (2)\ sm( )D f analytic.

One can easily check that (4.55) implies
K?r(fcpa -0, *77) = K?r(‘Pv 0, 77)7 szv(aa —p, =0, 777) = KEXV(O[, ®,0, 77) (475)

Hence, in restriction to &7 (ig) we have by (4.73)-(4.74)),

transport
BVLer B = w0 Oy + 10 + 0pBILE B + 0B LIV B + B
=w ~(9Lp —|—mf§89 + 0gKo * - + OgRer —i—E%,

with
R.. 2B, 2+ BT B+ (BT (K )#— Kx) + (B7(Qu# )% — Qux+).

The estimates (4.70) and ([1.72) are obtained similarly to [5I, Prop. 6.2] and [42, Prop. 6.2] by using Lemma[4.3]
Lemma and (4.66)-(4.71]). In particular, the reversibility property follows from (4.75])-(4.64). This concludes
the proof of Proposition O

Then we study the action of the localization in the normal directions. For that, we introduce the operator
B, 2105, Ay,
which satisfies by virtue of (4.65) the following estimate

1B 1130 S Mol + v M 1ollg: o, Il (4.76)

Hence, the result reads as follows.

Proposition 4.4. Let (d, so,S,7,4,qo,T1, Sh, Sh,02,p) satisfy , , , , and -

There exist eg > 0 and o3 = 03(71,q,d, S0) = 02 such that if the followmg smallness condztwn holds

ey NE? < e, 130 <1,

||q sp+osz X
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then for any n € N*| in restriction to the Cantor-like set O™ (ig) defined in (4.67)), the following decompo-

transport

sition holds
%IE%_@L = (w < O0p +m3y O + 0p Ko, * ~)H§‘O + Ry + E}l
2w 0,105, + Dy + %o + E},
éfo JrE%L.

The operator Yy = Hg-o 901_%; s a reversible diagonal operator described by

Doer; = id? e, A%, w,ig) & Q5 (a) + 5%, w, dg), r0(a, w,ip) £ mgy (a,

J

with

o ,O
1170 Se 18wrl70 S ell Al 4o

w) —

Vo(a)

The operator %o = H§U %OHSLO is a real and reversible Toeplitz in time integral operator satisfying

Vs lso. Sl max 9505050 Sev (1 13003, )

and

A%}, “HAwi)S

O d,q Sh+p ~ 57 q,Sp+p+os”

The operator EL satisfies the following estimate

IEnplly s < eNg N, L7 oIl

q,50

q,80+2

In addition, the operator £y satisfies

Vs € [s0.8],  [[Zopligis < lelly

q,s+1 +ey ! “J0||q,5+03 Hp”q s0°
Proof. The identities (4.53)) and Id = Ig, + Hé‘o imply

B LB = BTG (Ler — 0gR) B

= B 'Ng, L., By, — B 'y, L., 115, P15, — B 15, 0)RB..

Now using (4.68) and the fact that

%11H§) = %’Il, [HSLO,F] =0=[I,, F], F Fourier multiplier,

we obtain in restriction to the Cantor set 777 (ig) the following decomposition

transport

PG, L., B, = B g, AL, g,

= (w+ 0p +m0p + 0pKq ) Mg, + Ig, dRe, 115, + B Blls,0pRe, 115,

+ %', BEOIg, .

Hence, using also (4.73), (4.74]), one gets that in the Cantor set 67771 (ig), the following identity holds

transport

BTILLPBL = (w- 0y + 10 + 0plCo + )IE + g SR, 13, + BT Bllg, R, 112,

(4.77)

(4.78)

(4.79)

(4.80)

(4.81)

(4.82)

(4.83)

- #7', (39 (Vers) 4 0pLE, | + gL, 15, B, — e BT 0yRAB L + %7 1y, BEV 15,

w - 0I5, + Do + %o + Ep.,

with
Do & (m500p + 0pKo )13, , E, £ 27 '1l; #E1;. .

(4.84)

The estimate is obtained gathering (.84), (4.65), (£.76), (4.69) and Lemma [4.1}(iii). The expression
follows from the Fourier representation (4.28). The estimates (4.79) correspond to -4.71. The
estimates and are obtained by the same method as Lemma [51, Prop 6.3 and Lem. 6.3] by using
a nice duality representations of %"fl together with (4.58)), (4.59), (4.70)), (4.71) and In particular, the

reversibility property of %y is a consequence of (4.23)), (4.5 4.64)), (4.75) and the reversibility property of
ith (4. 63

R.,. To prove (.83), we use Lemma [1.2}(ii) together wi

VO <A <Ay, su ( max_||(I; K;)
0 1 jeg |J|k€[[07q]]’|(]

, [1.80) and

*) ||L°°([)\0,)\1])>

The last estimate has been proved in [51, Lem. 5.1].
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The next step is to get rid of the remainder term Z%y. The properties (4.80), (4.81)), (4.83)) and Lemmal[4.7}(v)
allows to start a KAM iterative procedure similar to [5I, Prop. 6.5]. We also refer to [42, Prop. 6.4] for a brief
explaination of this method. The result reads as follows.

Proposition 4.5. Let (da 50, S7 Y545905 T1s S15 S15 Shy fhas 03) asin ’ ’ ‘ ’ " ’ ‘ ’ " and Proposition
[44 Set

TzéTl—l—dqo—l—l. (485)

For every choice of additional parameters (us, sp) enjoying the following constraints compatibles with (4.61)) for
the choice p = 412q + 472,

3
sn > gh2+ S+ 1 (4.86)

there exist eg € (0,1) and 04 = 04(71,72,q,d) = o3 such that if the following smallness condition holds

Ho = Thy + 27T2q + 272,

- qN,u2 < €0, HJOHq sptos < 17 (487)
then there exists an operator @, : O — [Z(HS N Li) satisfying

Vs € [s0,5], [lo%!

+6772”30Hq8+04”p”q30 (4.88)
and a diagonal operator L, = .foo(oz,w,io) in the form

Lo =w - Opllg, + Do (4.89)
with Do = Hé‘o ‘@ooﬂéz) a reversible Fourier multiplier operator given by,

@ooel,j = ld]oo Clj» d‘;"(a,w,io) = d?(a,w,io) + T;'X)(a7wai0)? SuSp |j|||,r;>o||:1y,0 5 E’y_l (490)
JESE

such that in restriction to the Cantor-like set

orrmzG) 2 () {(aw) e omm. o),

(1,5,30) €2 % (5§)2

(0, w,10) — A3 (a,w,i0)| > 2FL L (4.91)

[11<Np
(1.5)#(0,40)
we have
_ No) _
(Dool"%o(POQ = gOO + EEH HE | 350 5 2NM2N n+1 ||p q,so+1 (492)

Recall that the Cantor set O™ (ig), the operator £y and the frequencies (do(a w, o))

transport

jesg OT€ respectively
given by [@.67), (&.77) and @.78). Moreover, for two tori iy and iy both satisfying (4.87] -, we have

Vi€ Sh  AwrPllyC S erv Ay 1812430177 S ey il Aeill )

(4.93)

,Shtoa? q,5h+04°

Now, that we have completely diagonalized the operator .Z| in up to error terms, we can find an
almost approximate right inverse for it. This is done by almost inverting the operator %, in . The result
is stated below and its proof follows word by word [51, Prop. 6.6] or [42] Prop. 6.5]. Consequently, we omit the
proof and only mention that the estimates mainly follows from (4.76))-(4.88)-([4.69)-(#.82)-(#.92) and Lemma

(i),
Proposition 4.6. Let (d, so, S,v,q, T, T2, Sh, 2,04) as in (4.2), (4.3), (4.4), (4.49), (4.60), (4.85), (4.86) and

Proposition . There exists ¢ = o(71,72,q,d) > 04 such that if the following smallness condition holds

ey 2TING? <eoy [1F0l3E L < 1, (4.94)
(i) There exists a family of operators (T")nGN defined on O satisfying
0 -
VS € [807 SL Sup ||Tnp||g,s 5 Py 1||p||q s+T1q+T71
neN
and such that for any n € N, in restriction to the Cantor set

orii) 2 () {eweo st |w-i+dF(awio) > 3}, (4.95)

(1,5)€24 xs§

< Np

the following identity holds
LoTn =1+ B}, Vso<s<5<S, B30 < N ol rgon,

This means that we have an almost approximate right inverse for the operator £s, in (4.89).
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(i) There exists a family of operators (TJ_’n)neN defined on O satisfying

0
Vs € s0,8) supITLapls 97 (lelihe + 130l S ol )
n
and such that in restriction to the Cantor set
G (7,71, 72,00) = O (i0) N O (i) N OILTE (do), (4.96)

the following identity holds
XJ_TJ_,TL =1d + Ena

with B, satisfying
Vs [0, 8] Bl S N (oo + 27 2130135101138
+ 57 BN#QN n+1 ||p||q so+o*

Recall that 2, O (io) and O.00050557 (i0) are respectively defined in , and -

(iii) When restricted to the Cantor set 4, (v, T1,T2,%0), we have also have the following splitting required to
apply the Berti-Bolle theory

XJ_ = LJ_,n + RJ_,na LJ_,TLTJ_JL = Id, RJ_JL = EnLJ_,na
with the operators L ,, and Ry , defined in O and satisfying
,0 _

Vs € [SOaS]a Sup ||Ll TLIOH’y < Hp”q s+1 +€FY 2||J0||q,s+0||p||q so+1°

Vs € [SOaS]v ||RJ_,np|

,0 -
79 S Ny 1(||p||qs+a+sv

+ey NG N Iollg e

i)

q760+0

Finally, as mentioned at the beginning of this subsection, we can apply the Berti-Bolle theory [I1] and [40,
Sec. 6] to construct an approximate right inverse for the full linearized operator d; ..# (ig, o). For a complete
proof of the result, the reader is refered to [40, Thm. 6.1].

Theorem 4.1. (Almost approximate right inverse)

Let (d, s0,5,7,q,71, T2, S, pto) satisfy (4.2), (4.3), (4.4), (4.49), (4.60), (4.85) and (4.86). Then there exists
o =0(m,72,d,q) > 0 and a family of reversible operators (TO,n) such that if the smallness condition (4.94)

holds, then for all g = (g1, 92, 93), satisfying

neN

g1(¢) = g1(), g2(=p) = —g2(p)  g3(—p) = (Lg3)(p),
the function Tg g satisfies
VS € [SO’ S]7 HTO,ngl g:so 5 (Hg' q,s-l—a + ||30||q s+0||g||q €0+<7) :

Moreover T ,, is an almost-approximate right inverse of d; F (9, ko) in the Cantor set 9, (v, T1,T2,10). More
precisely, for all (a,w) € 9, (7,11, 72,10) we can write

d; o (0, ko) © To —Id = 51(n) + 52@) + ‘503(”)7
where the operators gl(n), é"z(n) and é"?,(n) are defined in the whole set O with the estimates

&™)
vb>0, [&"

q,so < Y 1”§(7’07 K’O)Hq 90+<7Hg| q,90+cr’

—1
q,so<w N (19178 s + 190078 59175047 ) -

79 S N2 (Il o + 27230
+ey NN gl T

Vb € [0,S — sol, ||c§’3 qlly

50+b+o||g||q,.so+a)

q,50+0 "
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4.6 Construction of a non-trivial quasi-periodic solution

In this final section, we construct a non-trivial zero for the functional .# defined by (4.48)). It is obtained by
a Nash-Moser iteration procedure. At each step, we can find an approximate right inverse of the linearized
operator following the construction explained in the previous subsection. The proof is technical and already

detailed in the previous works [16] [40, [51]. Here, we may use the version exposed in [51, Prop. 7.1 and Cor.
7.1].

Proposition 4.7. (Nash-Moser)

(i) Let (d,so,5,q,71,72,5) as in ({£2)), (1.3), {@.49), (4.60), (4.85) and Theorem[{.1 Consider the parameters

fixed by
w1 = 3q(mo +2) + 67 + 6, a; £ 6q(my +2) + 127 + 15,
p2 £ 2q(m2 +2) + 55 + 7, as £ 3q(ma +2) + 65 + 9, (4.97)
sn = 50+ 4q(mo +2) + 97 + 11, by £ 255, — s, a2 +2
and
0<a< m, v £ e, Ny £ 471, (4.98)

We consider the finite dimensional subspaces
E, é{ﬁ —(0,1,z) st. ©=Py O, I=Py I and z= Pan},
where Py is the projector defined by

F8)= > fi et = Puf(p,0) = Y fieltetio,

(LI)ELIXZ (Lj)SN
There exist C > 0 and g9 > 0 such that for any e € [0, 0] we get for all n € N the following properties,
(a) There exists a g-times differentiable function

Wy O — E,_; xR¢x RIH!
(,w) = (Tn(a,w), kn(a,w) —w,0)

satisfying Wo = 0 and if n € N*,

Nej ~1rqa Nej -
(W Z,so-s-a < Ciey 1Ng ) ([Ws | g,b1+5 < Ciey 1N#il'
We set
Uo 2 ((4,0,0),,(a,w)) and i nEN', Uy 2Up+iy,  Hy2Uy— Uy,
Then
v,0 1 —1 arqa ~v,0 —1ar—asz
Vs € [s0, 5], [Hill]75 < 50*6’)/ N, V2 <k <n, [Hell) 45 < Ceey N
We also have forn > 2,
[Ball7S 4o, < Caey IN%. (4.99)
(b) Define
in 2 (9,0,0)+Tn, W E=A1+27") €[y, 2] (4.100)
The torus i, is reversible. Define also
gy =0, A 2 ) NG (Yng1, T1, T2, i), (4.101)

With G (Yn+1,T1, T2, 0n) as in (4.96). Consider the open sets
o) & {(mw) €0 st. dist((a,w), &))< 'yN;a}, dist(z, A) £ inlf4 |z — yl|.
ye

Then we have o
17 (Un)lg)5" < CueN, %
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(i) There exists eg > 0 such that, for any e € (0,¢e¢), the following hold true. We consider the Cantor set 47,
(related to e through v) and given by

R4 (4.102)
neN
There exists a q-times differentiable function
Uso O — (T'xR*x HNL3) xR x RIFL

(,w) = (iso(a,w), Koo, w), (a,w))

such that
V(o,w) € 9], F(Us(a,w))=0.

The torus i is reversible and koo € W2 (O,R?). Furthermore, there exists a q-times differentiable
function o € (ap, 1) — w(a,€) such that

Koo (o, w(ar,€)) = —wpq(a), w(e, €) = —wiq(a) + 7 (a), HFEH;Y’O < ey INGE, (4.103)

and
Va €€, F(Usla,w(a,e)) =0,

where the Cantor set €2, is defined by

¢, = {a € (g, 1) st (oyw(a,e)) € ff;} (4.104)

Now to conclude the proof of Theorem it remains to prove that the Cantor set €5, in (4.104) is not
empty. Actually, we can prove a lower bound measure for €5, which shows that when the magnitude of the
perturbation tends to zero, then the set of admissible parameters tends to be of full Lebesgue measure in

(Oéo,al).

Proposition 4.8. Let (qo,v,a) as in Lemma[f.9 ([4.60) and [4.98). Then there exists C > 0 such that

|65, | = (a1 — ag) — Ceo, implying in turn lir% |65 ] = a1 — ao.
E—>

Proof. In view of (4.104) and (4.102), we can write

= ﬂ Cr, (G {a € (a0, 1) st (w(ae)) € ,52{,?} (4.105)
neN
Hence,
(a0,01) \ €5, = ({0, 0) \ G5 ) U |] (%, (4.106)
n=0

Observe that (4.103)), (4.97) and (4.98)) imply

< Cey INJ® = Celralita@) 0<ac<

sup  |w(a, €) + wiq(@)] <

a€(ag,a1) 1+ qa.
Now by construction (4.50]), the previous estimate implies for € small enough
Va € (ap, 1), w(a,e) € B(0,Ryp).
We immediately deduce that
<€Os = (050,041), ‘ Qp, 1 \ ‘ \ ‘ (4107)

According to the notations (4.90) and (4.78)), we denote the perturbed frequencies associated with the reduced
linearized operator at state i, in the following way

A7 (a, ) £ d5° (a, w(a, ), in) = Q5 (a) + 3r%™ (a,€) + o (e e), (4.108)
with

r M (ase) 2m(aye) = Vola),  mr(ae) 2n(aw(ase)), " (a,e) £ (@ w(ase),dp).  (4.109)
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Now, by construction, one can write in view of (4.105)), (4.101)), (4.96), (4.67), (4.91) and (4.95) for any n € N,

e e _ 0) ()
G\ 1 = U %15 (in) U 2. U
(1,4)€zd xZ\{(0,0)} (1.d.d0) €24 % (5§)2 (1,4)ezd xs§

HISNn [ <Np [l|<Np

where

’ 0k
a€CG; st ‘w(a,e) I+ A7 (aye) — A" (ag€)

~ <l>7’2

A in) 2 {a €y st |wlaye) -1+ jmy(a,e)| < Tl

2V (in) 2 {a €C; s.t. ’w(a,s) 1+ d;o’”(a,a)‘ < ’Y"<'Z“>1T§j> } .

< 2n+1{j—jo)

‘%l(71j) (ZTL) )

}

(4.110)

Copying the proof of [51, Lem. 7.1] we can show, using in particular (4.99)-(4.79)-(4.93), that for any n €

N\ {0,1} and any I € Z? such that |I| < N,,_1, the following properties hold.
e For j € Z with (I, 7) # (0,0), we get %l(g) (in) = @.

o Tor (j,jo) € (S§)2 with (1,7) # (0, jo), we get 2.

1730 (in) = 2.
e For j € Sf, we get %z(,lj)(in) =2.
This leads to write for any n € N\ {0,1},
G \Cry1 = U

(1,§)€Z4xZ\{(0,0)}
Ny _1<|USNnpn

0) /. (2) (s

A, (in) U U Ay, u

(1,7,70) €24 X (S5)? (1) €2 XSG
Ny _1<|l|[<Nn Ny _1<|l|<Nn

To estimate, we shall make use of Riissmann’s Lemma First notice that
W (0,C) — C17H0,C), q=qo+1,
imply that for any n € N, the C'% regularity for the curves

(1,5) € Z4 x Z\{(0,0)},
(l7j7j0) € Zd X (86)27
(1,4) € Z% x S5

a = w(a,e) - 1+ jm°(a,e),
= w(a,e) - 1+ d7" (o, e) — A5 " (o, €),
a )

a = wl(a,e) - 1+d77" (o, ),

B (i)

(4.111)

In addition, the following perturbed Riissmann conditions hold. They are obtained by a perturbative argument
from the equilibrium transversality conditions in Lemma similarly to [51) Lem. 7.3] : for go, Co and pg as

in Lemma there exist €9 > 0 small enough such that for any e € [0, eg] we have
e For all (1,7) € Z4t1\ {(0,0)} such that |j| < Cy(l), we have

Vn e N, inf  max |0F (w(a,e) L+ jn(a,e))] > 228
O‘E[O‘O;Oél]]feﬂo,qo]]| (w(ae) Jmpl (e €))| S

e For all (,7) € Z% x S such that |j| < Co(l), we have

Vn € N, inf max |0 (w(a,e) -1+ d°"(a,e))| > poll)
ae[ao,al]ke[[o,qo]]| a( ( ) J ( ))| 2

e For all (I,7,70) € Z x (S§)? such that |j — jo| < Co(l), we have

vn € N, inf max |9F (w(a,e) - 1+ A" (a,e) — A" (o, €)) ] =
a€lap,o] ke[O,qg]]| a( ( ) J ( ) Jo ( ))|

> .

Notice that the proof of the previous transversality conditions requires in particular the estimates (4.117)) and

(4.118). Thus, applying Lemma we get for all n € N,

v 1 41
2 (6)| vy )
L1 T+l
’%l(,lj)(zn) S/ 7y 90 <]>q0 < > 1 o,
. a1 . L 4 To+1
’%l(j?jo (in)| S Y% (J — Jo) 2o (I) a0

(4.112)



Since (4.111)) is valid for n € N\ {0,1}, we first need to estimate the first two terms in the right hand-side of
(4.107). Fix k € {0,1}, then we have by Lemma

0)/- 2 . 1),.
GG > [+ > RG] ED SR T/ US| R CR T E)
(1,5)€Z4xZ\{(0,0)} (1,5,50) €L X (8§)? (1,5) €L XSG
[31<Co (1), 1SNk |3—=3d0lI<Co(l),[l|<Ng [G1<Co (L), IS N,

min(l5], 130 ) <oy (D71

Observe that for |j — jo| < Co(l) and min(|j], |jo|) < cay, ;1 ()™, then

max (|, [jo|) = min(|j], [jol) + |7 — Jo| < c2v 1 (D™ + Co(l) S~ (1)™. (4.114)
Combining (4.112)), (4.113)) and (4.114), we get for k € {0,1},
N W _q_Titl 1 A, _q_matl
G\ G| $ym X GEOTTE 4w > GognpTTR
(Lg)ezd x (50)¢ (1,5,30) €Z4 % (S§)?
131<Co (1) 1i—701<Co (1), ILI<Np,

min(]5,lio ) <eavyty (DL

N o\ L —1—
+yw > (g)roly o
(1,4)€24 xZ\{(0,0)}
131<Co (1)

Thus, by using (4.60|) and (4.85]), we deduce

max ‘%k \(ka’ <y ( ST 4 Z(lyldé) +ym S () w (4.115)
ke{0.1} lezd leza

5 ’ymin<q0,q0 v) _ ’y%.

Now fix some n > 2. Using (4.111)) and Lemma [4.12] we get

), (2 Oy

A D VN HOIE DY e D DR |
(L,3)ELZ4XZ\{(0,0)} (L,4,Jo) €2 x (S§)? (L)€L XSG
[31SCo (1) Ny 1 <[UISNn [7=30l1<Co (1), Np 1 <[lISNn [71SCo (1), Ny 1 <[I|SNn

min(| ], |50 ) <eav,, ¥q (DL

Therefore, we obtain from (4.112)) and (4.114)),

Cfn\%’rﬂrl‘ S’quo< Z <l>7‘f,1;[1) +,Y—U Z <l>‘r11;—g> +’7% Z <l>721;(1)

1ezd 1ezd tezd
[U>Np 1 [H>Np 1 [1>Np 1
Hence, we infer
o0
v
S| 6\ G| S5 (4.116)
n=2

Plugging (4.116)) and (4.115]) into (4.107)) and using (4.98) yields

(a0, 00) \ 65| 5 7 = 5.

This achieves the proof of Proposition |4.8 O

To conclude, it remains to prove the following lemma providing necessary constraints between time and
space Fourier modes so that the sets in (4.110)) are not void.

Lemma 4.12. There exists ey such that for any e € [0,e0] and n € N the following assertions hold true.
(i) Let (I.5) € Z¢ x Z\ {(0,0)}. If &) (in) # @, then |j| < Co(l).
(ii) Let (I,5,50) € Z% x (S§)%. If %), (in) # @, then |j — jo| < Co(l).

(iii) Let (1,j) € Z% x S§. If 2% (in) # @, then |j| < Co(l).
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i) Let (1,4,50) € Z% x (S§)2. There exists co > 0 such that if min(|5], [jo|) = cav, &y (1), then
0 n+1

B (in) € B (in)-

Proof. (i) Assume that %’l(g-) (in) # @. Then, we can find « € (g, 1) such that

0o v 10
(o e) - 1+ jmie(ae)] < el

By using the triangle and Cauchy-Schwarz inequalities together with (4.100)), (4.98)) and the fact that (a, ) —
w(a, €) is bounded, we infer

<A O™ + wla,e) -1

<A + OO

< 8| + C(1).

my (v, €[]

Now, by (4.109), we can write
m° (e, e) = Vola) + ro’"(a,s).

Hence, applying (4.63)), (4.98) and Proposition [£.7}(i)-(a) we find

Vk € [0,q], sup sup |8§7’0’"(a,5)| <y Fsup ||r0’"||g’o
neN ae(ap,a1) neN
Sey*
< gl-ak, (4.117)

Thus, for € small enough, we obtain by (4.25) and the decay property of I; K on (0, 00),

inf  inf  [n®(a,e)| > VO( )

neN a€(ag,a1)

Hence, a suitable choice of € small enough provides the constraint |j| < Co(l) for some Cp > 0.

ii) Observe that %% in) = 2" in), SO the case j = jg can be included in the previous point. Now we
l Jo Jo 1,0

assume j # jg and 2% (i) # @. There exists a € (agp, ay) such that

1,3,90

w(a,e) -1+ d5*" (a,e) — 3" (a,e)| < Zeppli=iol,

Applying the triangle and Cauchy-Schwarz inequalities, (4.100)) and (4.98)), we infer

55" (a, €) — 37" (e, €)]

j Ynt1lJ — Jo[(1) ™™ + |w(a,€) - I

<2
< 2vn41ld — Jol + C()
< 4e|j — jo| + C(1).

Now, similarly to (4.117)), we may obtain from (4.90)-(4.98)),

Vk € [0,q], supsup sup |j[|05ri®" (o, e)| < v sup Sup 14111755 17°°
neN jES§ ae(ap,o1) neNje
Sey 'F
< glmali+h), (4.118)

One obtains from the triangle inequality, Lemma (iv), (4.117)) and (4.118]), up to taking e sufficiently small
57" (@, €) = A5y " (e )] = Q5 (@) = Q5 (@) = [rP™ (@, )7 — ol — |57 (v, ) = 1y " (av, )|
> (Q—Ce'")|j — jol
> $li = jol.

The foregoing inequalities together give for e small enough, the constraint |j — jo| < Co(l), for some Cy > 0.

(iii) As previously, we can forget the case j = 0. Assume that j # 0 and %l%)(in) = . There exists a € (ag, )
such that 4
jw(a,e) - 1+ d5*" (a,e)| < Ll
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By the same techniques as in the other cases, we find

155" (e, &) < Va0 ™™ + |w(ev€) - 1

<
< 2e4] + C(1).

Now (£.108), the triangle inequality, Lemma [1.7}(iii), (4.117) and (4.118) imply
|d57" (a, )

> Qlj] — [4]lr""(a,e)| = ;" (e, €)]
> Qj| — Ce' ).

Gathering the foregoing inequalities gives
(Q—Ce'* —2e)|j| < C(l).
Thus, for ¢ small enough we deduce the constraint |j| < Co(l), for some Cy > 0.

(iv) We can forget the case j = jo. Assume j # jo. The symmetry property d*;" = —d;*" implies that without

loss of generality we can assume that 0 < j < jo. Take a € %’l(J jolin), L.

co,n oo,n 29n ==
|wa,e) - 1+ d5*" (a,e) £ A (o, ¢)| < 2msptdol,

Putting together (4.108]), (4.27) and the triangle inequality, we find

|w(e,e) -1+ (j £ jo)myY (a, )| < |wla,e) - 1+ d57" (a,e) £d5 " (a, )|+ (1 £ 1)

1L () K (2) ol (2) Ky (3) 14 1757 ,2) %955 o )|

Hence, we deduce

|w(a,e) - 1+ (G £ jo)me ()| <27"+<1>7<7i”>+|j[ (L) K; (2) £ oI, (2) K, (L) ] (4.119)
s(LE1D) + [r5" (a,e) —r5 " (a,e)].

It has been proved in [51, Lem. 7.2-(iv)] that

. . P4
Vo >0, [iL(@) Ky (@) oLy (1) Kjy (2)] < bt

Additionally, (4.90) gives

Ce' (147" + Lol )
l1—a_ {j+jo) .
Ce " oD

Also one has the trivial bound
(1+1) g it

1 __Uxjo)
2 = min(|5],]50() *

Inserting the foregoing estimates into (4.119)) yields

29041 (o) (Gitjo)
[wa,e) L+ (G & o)my (o, )| <ZZRR o Oty

Thus, for min(|j], |jo|) = $C, 11 (I)™, then using (4.85)), we get
() -1+ (G £ o) (e )| < “aalitin)

This proves Lemma taking cy £ % O

A Properties of modified Bessel functions

We collect here the definitions and useful properties of modified Bessel functions. The literature is huge as
regards these special functions and we may refer the reader to [Il [70] for a nice introduction. The modified
Bessel functions of first and second kind are defined as follows

+o0 (g)y—‘er
I(2) & E 2’
(2) — m!T(v+m+1)’ larg(z)] <
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and
I_,(z)—-1, .
YweC\Z, K,(z)= QW, VnezZ, Ky(z)= E%Ky(z), larg(2)| < 7.
Symmetry and positivity properties (see [T, p. 375]) :
VneN, Ve>0, I_,(r)=I(x)eR, and K _,(r)=K,(z)cR]. (A1)

Derivatives and Anti-derivatives :
If we set Z,(2) £ I,(2) or ™K, (2), then for all v € R, we have

Z)(2) = Z,-1(2) = Z2u(2) = Zo1(2) + 2 2,(2) (A:2)

and
/z"HZl,(z)dz =21 Z,00(2). (A.3)

Power series extension for K, (see [I, p. 375]) :
12 —”n_l(nfkfl)! —z\* nl z
Ee) =5 (3) X (4> £ (3) e)

N
+% (?)nm (W(k + 1) +¥(n +k + 1)) ()

k=0 M+ b)Y
where m
(1) £ —~ (Euler’s constant) Vm e N, ¢(m+1)= Z % -7
k=1
In particular
+oo (z)2m
Ko(z) = —log (g) Io(2) + ((7272!)2 Y(m+1), (A44)

so K behaves like a logarithm at 0.

Decay property for the product I, K, (see [§] and [20]) :
The application (z,v) — I, (x)K,(z) is strictly decreasing in each variable z,v > 0.

Wronskian (see [T, p. 375]) :

1
L () Ky (2) = L(2)K)(2) = L(2) Ky (2) + Lo (2) Ko (2) = — (A5)
Ratio bounds (see [9]) :
For all n € N and « > 0, we have
Il (z)
< V124 n?
I, (x)
(A.6)
!
2K () < —vz2+n2
K,(x)
Asymptotic expension of small argument (see [T, p. 375]) :
VYn € N* I(x)wﬂ and K(a:)rvM (A7)
5 n 0 F(’I’L+ 1) n 20 9 (%Jj)n .
Asymptotic expension of large argument (see [I, p. 375]) :
Vn e N*,  In( ¢ d  Kn(z) T e (A.8)
ne N, I,(z) e T an (T ete 2xe . .
Asymptotic of high order (see [Il p. 377]) :
1 ex\V T rex\ v
(@) o~ e (& d K@) ~ (oo (5 A.
Ve >0, L) o (5.) an @, ~ Vs G (A.9)
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B Local bifurcation theorem and singular integrals

We recall here the Crandall-Rabinowitz’s Theorem of local bifurcation theory which was used to find the periodic
solutions in Section [3] Its proof can be found in [24] and [54] p.15].

Theorem B.1 (Crandall-Rabinowitz). Let X and Y be two Banach spaces. Let V' be a neighborhood of 0 in
X and let
F: RxV —= Y
(Qzx) — F(Qx)

be a function of classe C' with the following properties
(i) (Trivial solution) VQ € R, F(Q,0) = 0.
(ii) (Regularity) OqF, dyF' and Oqd,F exist and are continuous.
(iii) (Fredholm property) d.F(0,0) is a Fredholm operator with index 0 and ker (d,F(0,0)) = ().
(iv) (Transversality assumption) dad, F(0,0)[xq] € R (d,F(0,0)).
If x denotes any complement of ker (d, F(0,0)) in X, then there exist
e U a neighborhood of (0,0) in R x V,
o an interval (—a, a) for some a > 0,
e continuous functions ¥ : (—a,a) = R and ¢ : (—a,a) — x satisfying ¥(0) = 0 and $(0) =0

such that the set of the zeros of F' in U can be described as the following two curves intersecting at (0,0)

{(Q,x) eU st F(Quz)= O} = {(w(s),sxo +s¢(s)) st |s| < a} u {(Q,O) € U}.

Now, we also state some continuity properties of singular integral operators. We may refer to [36] [44] 56| [58]
for a proof of the following result.

Lemma B.1. Consider a function K : T x T — C such that for some Cy > 0 we have

e X is measurable on T x T\ {(w,w), w € T} and

Y(w, ) € T2, w#T = |K(w,71)| < Co.

e For any 7 € T, the application w — K(w, ) is differentiable in T \ {7} and

Y(w,T) € T?, w#T = |0K(w,T)| < |wCE)T|'

Consider the operator Ty defined by

Telf) (w) = ][K(w,r) ) dr.

T
Then, the operator Tx is continuous from L>(T) to CO(T) for any 0 < § < 1 and there exists Cs > 0 such that

[T&(f)llcs(my < CsColl oo (T)-
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